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How to use this book

. How to use this book

The Pure Mathematics Year 2 Practice Book is designed to be used alongside your Pearson Edexcel
AS and A level Mathematics Pure Year 2 textbook. It provides additional practice, including problem-
solving and exam-style questions, to help make sure you are ready for your exam.

+ The chapters and exercises in this practice book match the chapters and sections in your
textbook, so you can easily locate additional practice for any section in the textbook.

+ Each chapter finishes with two sets of problem-solving practice questions at three different
difficulty levels.

- An Exam question bank at the end of the book provides mixed exam-style questions to help you
practise selecting the correct mathematical skills and techniques.

Use the practice books for extra practice, problem-solving questions and exam-style questions.

. Finding your way around the book

EED Fadian measure One-to-one match
i, between exercises
Appropaiae. iy s . . ]
np-r':-'m [ e dr 4 0dmd & Vimd 1 159md in thlS practlce bOOk
[ []

2 & Convert the following angles 10 mdians, giving m
o corwert dogroes ba rdans

and sections in your

your answers as multiples of -
i s (=23 [ Ea e, textbook.
b Camvert the following angles o radians, giving your answers to 3 significant figunes
e i i 20
3 Skeach the foliowing graphs, marking any points .
where the f:‘».:; with the .-'...:;.'1.3».- e %;‘:;’.\mum el Hints in each exercise
xwx valos in Lorms of % you mus shetch the
grgh in radizns.

) for s x = 2

# 1 for—x=xmx

o of trignrmeti: ratios of valuis

sas(®)  bunf-3) csnf-lx) beowoenand .

remind you of the
key skills, formulae or
techniques for that
section. If you need

ETE Skeich the r!::'xvr ing i!l'.nl|:lll> on separnic seis of awes, marking any poinis where the graph
|||u.'r>n‘.|a.v.:| |u:.t\\r\||!.|||:n..-\ more hel ; look at the
Use the exam‘style &y 2ooa 2y for =2w % x % 0 (3 marks) p : )
i b ytinx-T) e n ke corresponding section
q uestions in eve ry (£} 6 [nthe riangle POR, PO = 120m, 0 = Som and P = 9em

exercise to check that
you are working at

& Find the size of angle QRF, giving your answer in radians to 3 significant figeres (3 masks)

b Find the area of iriangle PR, giving your anewer in cm? o 3 significant figures. {3 marks)

{EF) T The dingrams shows the curve with equation ¥
sinfxad ix yasdnfea S5
exam standard. g
Write down the exact coordinates of the points
where the curve intersects with: o 3
& the v-anis 3 marks)
L b the raxis (1 mark)

of your textbook.



How to use this book

. Exam-style questions are flagged with (E) and have marks allocated to them.

. Problem-solving questions are flagged with (7)

Humerical methods

Bronze questions might

sets of exam-style problem-
solving questions which draw
on material from throughout
the chapter and from earlier
chapters.

Gold questions involve tricky

have more steps to setd «—  Eachchapter ends with two
lead you through the fl= fxeat-2

technique, or require a more i s i e
straightforward application of 3110 i o pprcmaion 2. Give 300 vt 3 il s G mark
the skills from that chapter. [Tty
Silver questions are more J{-,im

challenging, and provide e i no iy e R
less scaffolding. If you're . e e
struggling with the Silver il ot e
question, try the Bronze mm&mmqmy_w -
question first. where )= 12152 1.

The paint #, with coordinaves 2, ), is 8 stsnary point
an the curve The equation f{x) =i has & ot @ in the
imterval | = =2

a Find the coordinates of the poini ¥, leving your

y=ix)

amsswer in temes of € where necessary. (3 marksp
b Expluin why x, = pis not suitable to use 2 o first

o f wsing the N taphsan progess to find sn imation for . {1 mark)
¢ Taking x,= 1.5 a0 first imation ta a, apply the N Raphson process ance to

) e obiain i secand apprasimation (o a Give your answer to 2 desimal ploces. (2 marks)

You can find more exam-style — TR — Exam question bank 02, 012, Q18, 022, 429, Q37
questions on this chapter in
the Exam question bank.

problem-solving elements,
or might require you to think
more creatively. If you can
answer the Gold questions
then you can be confident
that you are ready to tackle
the hardest exam questions.

One challenge of the exam Exam question bank
is that you aren’t usually

told which techniques or hi ko exsety et b eple. R cach queson arculy 1o
X wark st which skills and techniques you will meed ts apply.
strategies you need to apply Tt g a3, i i
- . Gitven that the distance from 4 1o 85 545 uniis find the hle walues of k. 13 marks}
to a particular question. g A e
The questions in the Exam o Comme i i
question bank are not A sk wries
ordered by topic, so you need
to choose the appropriate
. = b Explain why the student is incorrect. 12 marks}
mathematical skills. RS T—— mre
4 The curee € has equation ;= 2o+ 2y - g
a Find }:. 12 marks)
b Find the squation of the tangent 10 C 6t the point {0, <15 13 marks)
£ A mart e bedc+ Tdu'f N Tr'i' find the valse of the constants
16 marks)
& Sohve 4cos v = 3secy in the interval =1 B0° = x = 130°. 14 marks}
s 7 Given that x = J"T!. y i,
There are a lot more questions - o 12 mark
in the Exam questlon bank b Ilcn:r_urum:ruuu:.I||||11I|c\.|lum1fi-:_al pmet, 13 marks)
than the[e Wi“ be 0|"‘| yOUr L] Illhl[llhu:\"\ -fl.lll'\lnl.\'. 13 marks)
i 9 Expres [\_’\_I ' L—h.l in partial fractions 15 marks)
exam paper. Don't try and
B Show that the line with squation 1 = v & 2 does not iniersect the curve with pamnsein:
tackle them a“ at once, bIJt cquations g =¢ ¢ L y=(204 22 = 1) 16 AL 14 marks)
make Sure yDU tl‘y Some Of the 1l & Useihe expansion of m.(:.. - \th\\mu ~|||..‘\ |||.|erms.«f sl.n.r. 13 marks}
b Hence solve the aquation sin 3x = sinx inthe interval O = 5 = x. 13 marks)

trickier questions from the
end of the question bank.
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Algebraic methods

m Proof by contradiction

1

EP)s
EP) 6

EP) 7
EP) 8

Write down the negation of each statement. m A statement that asserts the falsehood

a There are infinitely many prime numbers. of another statement is called the negation
: of the statement.
b If »’? is even, then n must be even.

¢ If pq is odd, then at least one of p and ¢ is odd.

Prove by contradiction that there is no greatest @ You prove a statement by contradiction
even number. by assuming it is not true. Then use logical

steps to show your assumption leads to
something impossible. You can then conclude
that your assumption was incorrect, and the
original statement was true.

Prove by contradiction that if a and b are m Start by assuming that there exist

integers, then a* —4b—7 # 0. integers @ and b such that @ — 4b — 7= 0.
Rearrange and use the fact that any odd
number can be written in the form 2n + 1,
where 7 is an integer.

Prove by contradiction that there is no smallest

it tional & m A rational number can be written in the
positive rational number.

form & b where a and b are integers.
An |rrat|onal number cannot be written in
the form ¢ b where @ and b are integers.

The set of rational numbers can be written as .

Prove by contradiction that if »” is odd, then » must be odd. (3 marks)

Prove by contradiction that there are no non-zero integer solutions to the equation x> — y* = 1.
(4 marks)

Prove that V5 is irrational. (6 marks)

Prove by contradiction that the difference between any rational number and any irrational
number is irrational. (6 marks)

m Algebraic fractions

Simplify:

_ 1 31 1
a(A_B)XxE—Q 3 *i2x+1

m To multiply algebraic fractions, first
factorise the numerators and denominators

where possible. Then cancel any common
xX+5x YV~ 2y factors, and multiply the numerators and

y-2 v multiply the denominators.




2 Simplify: 3 9x2—16 3 4 m To divide two algebraic fractions,
A= i T _,ﬁc 7 b 5}; —10" xm multiply the first fraction by the

reciprocal of the second fraction.
2e+3xy=2y° x*+2xy

5xy T 10X

C

3 Express as a single fraction in its simplest form:

m To add or subtract two fractions,
3 2 4 ]

S o b 2x—3) + I+ 1) find a common denominator.
2x  _3x 4 X+ 1 _2x
x=5 x+35 2x-3 x+2
4 Express as a single fraction in its simplest form: @ T
a 2X + 3 b 2 + ! denominators to find the lowest
4x2-9 " 2x-3 X2+x-12 " x2-5x+6
common multiple.
5 . S it AR e
4x?+4x+1 4x*-1 x?+3x+2 x*-2x-3
X’+4x+4  x°-4
5 Slmphfy —6y+9 7y -9 (4 marks)
-2x-15 x* — 6x°
6 Slmphfy -1 X% —Sx_4 (4 marks)
7 Express 2" — ox + 3x as a fraction in its simplest form. (4 marks)
PresS 25x2—1 " 5x -1 p
8 Express -5 Dul as a fraction in its simplest form (4 marks)
PresS 9% _5x—-3 2x+1 p =

(E/P) 9 f(x)=x+xi3+x2_gg_15,xe R,x#-3,x#5

x3=2x2-10x+ 15

a Show that f(x) = GEDGE=5) (4 marks)
b Hence show that f(x) can be further simplified to give f(x) = % (4 marks)
m Partial fractions
Express in partial fractions: m For bart e wite
& 8x-1 o | RO
(x+1)(x-2) x+Dx-2 x+1 x-2
L Then find 4 and B by rearranging and
b 2x-1D(x+3) substituting suitable values of x.

. 7-11x
Gx=1)(2x+1)




Algebraic methods

2 Express in partial fractions:

I b Ix+7)
x?-5x x:-9
c Ox -1
2x2=-9x -5

3 Express in partial fractions:

§ 6x*—43x + 50
xX(x=2)(x=5)

b 4x?+11x+9
(x=-D(x+2)(x+3)

c S5x2-22x+6
x(x-3)(2x-1)

m Factorise each denominator to work out

the denominators for the partial fractions.

m For part a, write

6x2—43x+50_A B &

Xx=2)(x—5 X xX-27%-5

You can also find 4, B and C by multiplying
across and comparing coefficients. Often a
combination of substitution and comparing
coefficients is the most efficient way to find

the numerators.

4 Given that (1x+—125)?1 lgi) =4+ xB 3t 1" 9% 2,{, m Start by multiplying both sides by

find the values of the constants 4, B and C. (x = 2)(1 — 2x) to remove the fractions.
(E/P) 5 Given that o l)?h‘ - rf T+ 3\3 5. find the values of the constants 4 and B. (3 marks)
(E/P) 6 Express o _‘f 3)_(;: ) in partial fractions. (3 marks)
7 Express 9 —3y2 in partial fractions. (3 marks)

3Bx—-x*-44 A B 5§

8 Given that Z 1)+ 5) (2 — 3) P I e v find the values of the constants A, B
and C. (4 marks)
9 Given that % =A+ x_f] 47 ?2, find the values of the constants 4, B an?4€. 5
marks

m Repeated factors

Sx*—5x+2 :
1 (X)) === x+0,x+ 2 that
(x) X [ x—d) * * s Slveg @ C @ X is a repeated factor, so you need
f{>x) can be expressed in the form <C + -5+ 75, separate denominators of x and X2 in the
find the values of the constants A, B and C. expanded partial fraction.
8x*—x+3 1
z )= X F -, x#5
&) (x+1yY2x-1) 2 m (x + 1) is a repeated linear factor, so you
Given that g(x) can be expressed in the form need denominators of (x + 1) and (x + 1)%
A B (6

x+1+(x+l)3+ l,ﬁndthevaluesof

the constants A, B and C.



dx-1 _ 4 B :
3 Qx+1P-Zr+1 + 2x + 1) Find the values of the constants 4 and B.

(3 marks)

-2
4 Given that (;” —+2;fx++33:;2)3 = *cil e f 3+ G+ 37 find the values of the constants 4, B
and C. (4 marks)
(E/P) 5 Express 6x-2;31_3:§:-2 L3 in the form % + % + 2xC_ 3- Where 4, Band C are constants to
be found. (4 marks)
6 Express % as a sum of partial fractions. (6 marks)

m Algebraic division

1 Use algebraic division to show that
int

x*;S_x;'?Ex_z_i_

x-3

This is an improper algebraic fraction because the
1 degree of the numerator is greater than or equal to the
degree of the denominator. You can divide the numerator by

the denominator to obtain a polynomial and a remainder.

2 a Find the remainder when x?> — 5x + 9 is
divided by x + 1.

-2
. . XT—=3x+9.
b Hence, or otherwise, write T

where A, B and

theformAx+B+x+l,

C are constants to be found.

i_x?-9

3 Given that * =3 =Ax’+Bx+ C+

x+3

find the values of the constants A, B, C and D.

4 Given that
X3 =2x245=(Ax2+ Bx+ C)(x -4) + D

find the values of the constants 4, B, C and D.

@ For part b, you can use the relationship
F(x) = Q(x) x divisor + remainder to write

o+

remainder
divisor

divisor

@ You could use algebraic long division, or
you could multiply both sides by (x + 3) and

use substitution and comparing coefficients.

m You can compare coefficients when the
identity is written in this form.

18x24+22x -7 _ B & .
(E/P) 5 ctD0x—1) = A+ +7. 7 Find the values of the constants 4, Band C. (4 marks)
P 2 i
(E/P) 6 Given that 2x 4“26_-553( L Ax?+ Bx+C+ x{)S’ find the values of the constants 4, B, C
and D. ) (4 marks)
4_ 7.2
(E/P) 7 Given that % =Ax*+ B+ ﬁ, find the values of the constants 4, B and C.
(4 marks)
. 4x*—5x-3 B C
8 Given that G+ @x=1) =A+ PR i o find the values of the constants 4, B and C.

(4 marks)



Algebraic methods

9 3x4—Sx?+6x2—12x+5=(Ax?+Bx+ C)(x2+2)+ Dx+E
Find the values of the constants 4, B, C, D and E. (5 marks)

Problem solving Bl #A

Bronze
- S
a Simplify Bxx;-—_x12 (3 marks)
f Ix2+x-2 1 : e
b Hence, or otherwise, express 21 2o id single fraction in its simplest form.
(3 marks)
Express e L as a single fraction in its simplest form (7 marks)
2x*+x-6 x*+x-2 :
2x3+3x2-5x-6. &
Express 3x+5c+2 B the form Ax + B+ I Ewhcre A, B, C, D and E are
constants to be found. (9 marks)
Problem solving R=T14:]
39x2—49x + 15 : .
Express Gx—2(1 —x) as a sum of partial fractions. (4 marks)
N
Show that M can be written in the form 4 + —2— + L and find the values of the
x*=x-6 X x D
constants 4, Band C. (5 marks)

3x2+3
2x*=5x2—-4x +3

The graph of y = f(x) has a vertical asymptote with equation x = —1. Use this information to
express f(x) as the sum of three fractions with linear denominators. (8 marks)

Xl =

(\[OTRSTA LTS — Exam question bank Q5, Q9, Q49, Q62, Q69, Q75, Q78



2 Functions and graphs

m The modulus function

EP) 8
EP) 9

f(x) = [x* + 5x|. Write down the value of: @ e

a f(-3) b f(2) c f(-1) non-negative numerical value. It is written as |a].
In general:

g(x) = |2 = 3x| + 1. Write down the value of: o [f()] = f(x) when f(x) = 0

a g(l) b g(10) ¢ g(-1) o [f(x)| = —f(x) when f(x) < 0.

Sketch each graph and mark the coordinates
of any points of intersection with the
coordinate axes.

@ The graph of y = lax + bl is the graph
of y = ax + b with the section of the graph

below the x-axis reflected in the x-axis.
ay=Ix+1 b y=_2x+1l

c y=03x-4 dy=13-2x
e y=|%x+3| fy=-Bx+1l

i For each pair of functions, sketch y = f(x) and y = g(x) on the same set of axes.

ii H lve f(x) = g(x).

L, Blencenghve o) =mle) m You can solve f(x) = g(x) algebraically by
a f(x)=12x-3|, gx)=7 solving two equations. For example, in part a:
b f(x)=12-5x], g(x)=3x+5 2x=3=7 (1)

¢ f(x)=13x+2l, g(x):”% e —@x=-3)=7 (2

Solve the inequality |4x — 5| > 2x.

Write your answer in set notation. m ol s T

of y = |4x — 5| and y = 2x to work out which
values of x satisfy the inequality.
+ Year 1, Section 3.4

a Sketch the graph with equation y = |4x + 3|, marking the locations of any points where the

graph cuts or meets the coordinate axes. (2 marks)
b Find the values of x which satisfy [4x + 3| < 7. (2 marks)
a f(x) =15 - 3xl. Sketch the graph with equation y = f(x), stating the coordinates of any points

where the graph cuts or meets the coordinate axes. (2 marks)
b Find the values of x for which f(x) = x. (4 marks)
Solve the inequality [2x — 6] > 5 - x. (4 marks)
a Sketch the graph with equation y = —|3 — x|. (2 marks)
b Find the values of x which satisfy —|3 — x| = — ; = (5 marks)



Functions and graphs

m Functions and mappings

1 State whether each mapping from the set of @ A mapping transforms one set of
x-values to the set of y-values is one-to-one, numbers, the domain, onto another set of
many-to-one or one-to-many. numbers, the range.

a p=S—i b y=10-3x
yn

\’

c y=x+9 d y=sinx

’ j—-—-’/ )
— I~
\\ 0} _ =+

2 State a possible domain which would make each

; ; e ! : A mapping is a function if ever
mapping a function and write it using function m PRIE e y

element in the domain maps to one distinct

notation. ; : ;

element in the range. This means functions
) It is possible to convert some mappings inta
functions by restricting the domain.
3 F h function:
of cach function m You should only sketch the graph of
i sketch the graph of y = f(x) the function for values of x in its domain.
ii state the range of f(x) The range will be the set of y-values that

o are mapped to by the function.
iii state whether the function is one-to-one or

many-to-one.
afx)=(x+2%xeR, x=0 b f(x)=3sinx,xeR,0=<x=<180°

¢c f(x)=2e",xeR, x=0 d f(x)=Vx-3,xeR, x=3



4

(E/P) 7

EP) 8

The function f(x) is defined by

m This is an example of a piecewise-defined
. 5— %A xeR, x<2 function. It consists of two parts, one linear for
(x) = (c=4P42, xel x>0 Xx < 2 and one quadratic for x = 2. The function
4 ’ | is not continuous as it jumps at x = 2 but it is

a Sketch the graph of y = f(x). still defined for all real values of x.

b Explain why f(x) is a function and state the value of f(2).

¢ State the range of f(x).

d Solve f(x) =11.

The function f is defined by f:x —» x*—=3x+4, xeR, 0=x <4.

a Find the range of f(x). (3 marks)

b State whether the function is one-to-one or many-to-one. (1 mark)

The function f(x) is defined by

) = e'+5 xeR, x<0
(%)= x2-8x+6, xeR,x=0

a Sketch the graph of y = f(x). (4 marks)
b State the range of f(x). (1 mark)

The function g defined by g(x) = x> — 5x + 8 has domain x € R, x = a. Given that gis a
one-to-one function, find the smallest possible value of the constant a. (6 marks)

The function h(x) is defined by

hix) = 2+x, xeR, x<4
) =\ 1ox=x2=17, xcR,x>4

a Sketch the graph of y = h(x). (4 marks)
b State the value of h(4). (1 mark)
¢ State the range of h(x). (1 mark)
d Find the exact values of x for which h(x) = 5. (4 marks)

m Composite functions

1

Given f(x) = x%, g(x) = x — 2 and h(x) = %, find:

a fg(4) b gf(2) ¢ gi-1) @ fg(x) means apply g first, then apply f, so
f = fi .

d gh(6) e fgh(10) Chi

Given the functions p(x) =3x - 1, q(x) =4 — x* and r(x) = % find expressions for:

a pq(x) b qr(x) ¢ pi(x) @ In part a, pq(x) = 3(4 — x?) — 1.

d rp(x) e pqr(x) Simplify your answers as much as possible.



Functions and graphs

The functions f and g are defined by f : x — [4x — 5] m
o For part b, sketch y = fg(x) and

. I ;
and g:x — =5 respectively. ¥ = 2x on the same set of axes. The

a Find fg(-5) b Solve fg(x) = 2x number of points of intersection will
' ' be the number of solutions to the

equation fg(x) = 2x.
f{x)=e*, xe Rand g(x) =2lnx,xe R, x > 0.
a Find an expression for gf(x), simplifying your answer. (2 marks)

b Show that there is only one real value of x for which gf(x) = fg(x). (3 marks)

f(x) = 4x> - 8x, x € Rand g(x) = k — x, x € R where k is a non-zero constant.

a Find the range of f(x). (3 marks)
b Find an expression for gf(x) in terms of x and k. (2 marks)
¢ Given that the range of gf is gf(x) < 6, find the set of possible values of k. (2 marks)

The function f is defined for all real values of x as f(x) = 8 — (x — 2)~.

a State the range of f(x). (1 mark)
b Find the value of ff(-2). (3 marks)
Given that f(x) = 2x°, x € R and g(x) = T XE R, x # 1,

a state the range of f(x) (1 mark)
b find an expression for fg(x) (2 marks)
¢ solve the equation fg(x) = 18. (4 marks)

The functions p and q are defined by p: x — 3", xe Rand q : x = x — 2, x € R respectively.

a Find an expression for pq(x). (2 marks)
b Find an expression for gp(x). (2 marks)
¢ Solve pq(x) = gp(x), giving your answer in the form :Ir}—g (3 marks)

m Inverse functions

1

For each function f(x
(x), m The inverse of a function
i determine the equation of the inverse function f™'(x)  maps the elements in the range of

the function back onto the original
elements in its domain. The graphs of

y =f(x) and y = f~(x) are reflections
af:x»2x-5 xeR beXI—)XE ,xeR in the line y = x.

ii sketch the graphs of y = x, y = f(x) and y = f*!(x) on
the same set of axes.

cf:xp,x’-1,xeR df:x—»1-3x,xeR
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For each function g(x),

m The domain of g(x) is the range of

i determine the equation of the inverse function g7!(x) and the range of g(x) is the domain
g'(x) of g1(x).

ii state the domain and range of g~'(x)

iii sketch the graphs of y = g(x) and y = g7!(x) on the same set of axes

iv solve the equation g(x) = g7'(x).

agx)=2x-3,xeR,x=0 b gx)=vx-2,xeR,x>2
¢ g)=—tgxeRx>3 d g0)=(-1P=5xeR x=1

2
f al] Emee ol ' R c# 0
() =% xeR,x @ A function f(x) is self-inverse if

a Show that f is self-inverse. f(x) = f1(x).

b Write down an expression for ff(x).

The function g is defined by
g:xx'—4x,xeR, 0=x=6

Explain why the function g does not have an inverse.

3x-5

@ Sketch the function to check whether it
is one-to-one for the given domain.

The function f(x) is defined by f(x) = =3 %€ R, x # 3.

a Show that ff(x) = x. (3 marks)
b Hence write down f~!(x). (1 mark)
The function f is defined by f : x = In(Bx - 1), xe R, x > %

a Find f~'(x) and state its domain and range. (4 marks)

b Sketch the graphs of y = f(x) and y = f~!(x) on the same set of axes, stating the exact
coordinates of the points where the graphs cross the axes. (4 marks)

The function g(x) is defined by g(x) = x>-6x+8, x e R, x > 3.

a Find g7'(x) and state its domain and range. (6 marks)
b Find the exact value of the solution to the equation g(x) = g-'(x). (3 marks)
The function f is defined by f(x) = %, xeR, x> 3.

a Find f™'(x) and state its domain and range. (4 marks)
b Solve the equation f~'(x) = 8. (2 marks)

€ 5= Ifw)] and y = f(lx)

1

10

For each function f(x), sketch the graphs of
y=f(x) and y = [f()]. m To sketch the graph of y = [f(x)]:

e Sketch the graph of y = f(x).
a fix)=x?-x-12,xeR e Reflect any parts of the graph below the
b f(x) =cosx, 0 < x < 360° x-axis (where f(x) < 0) in the x-axis.
e Delete the parts of the graph below the x-axis.



Functions and graphs

2 For each function f(x), sketch the graphs of
y =f(x) and y = f{|x]). m To sketch the graph of y = f(lxI):

e Sketch the graph of y = f(x) for x = 0.

a f(x)=6+5x-x",xeR e Reflect this in the y-axis.

b f(x) =2sinx, —=360° < x < 360°

3 The diagram shows a sketch of part of the curve with y4

equation y = g(x), x € R. F=ED
On separate diagrams, sketch the curves with equations:
a y=|gx)
b y=glxl) £
0 /\/ x
® 4 The diagram shows a sketch of the curve with the equation ry y = f(x)
y=f(x), x € R. 4
The curve has a turning point at P(3, —5) and also passes through
the point (0, 4). R
a Write down the coordinates of the point to which P is 0 X
transformed on the curve with equation y = |f(x)|. (2 marks)
b Sketch the curve with equation y = f{|x]). On your sketch, show (3.-5)
the coordinates of all turning points and the coordinates of the
point where the curve cuts the y-axis. (3 marks)
® 5 Sketch the graphs of:
a y=|lnx| (2 marks)
b y=In(x]) (3 marks)

In each case, state the coordinates of any points of intersection with the axes.

@ 6 The diagram shows a sketch of the curve with equation y = f(x). YAt
The curve passes through the points P(-4, 0), Q(0, —10) and P YA I .
R(3, -15). 0 X
On separate diagrams, sketch the graphs with equations:
a y=|f(x) (3 marks) 0
b y=f(x]) (3 marks)

On each sketch, where possible, show the coordinates of the points
corresponding to P, Q and R.

B



7 The function g is defined by g : x l—)%, xeR, x #2.

a Sketch the graph of y =|g(x)|. Indicate clearly the equation of the vertical asymptote and
the coordinates of the point at which the graph crosses the y-axis. (3 marks)

b Find the values of x for which |ﬁ =4, (3 marks)

m Combining transformations

1 The diagram shows a sketch of the graph of y = f(x). P4 y=1(x)
The curve passes through the origin O, the point A4(2, 8) and the 4
point B(8, —16). =
Sketch the graph of y = f(x + 3) + 4 and find the coordinates of g o
the images of the points 4 and B.
B

Hint y = f(x) + ais a translation of the graph of y = f(x) by the vector (g)

y=f(x + a) is a translation of the graph of y = f(x) by the vector (—Oa)

+ Year 1, Section 4.5

2 The diagram shows a sketch of the graph of y = g(x). y=gx) 4 C
The curve passes through the points A(-2, -7), B(0, -2) and C(2, 4). /\
Sketch the graphs of: 0 / x
_ —ofX B
a y=3g(x-1) b y=5(3)-2
Find the coordinates of the images of the points A, B and C. )

¥ = g(ax) is a horizontal stretch by scale factor —él,— of the graph of y = g(x).
In part a, apply the translation first and then the stretch. + Year 1, Section 4.6

¥ = ag(x) is a vertical stretch by scale factor @ of the graph of y = g(x).

3 f(x)=e" Sketch the graphs with equations:

X))

Show, on each diagram, the point where the graph crosses the y-axis.
For part a, state the equation of the asymptote.

a y==-2f(x)-1 b y=—f(

Hint R graph of y = —f(x) is a reflection of the graph of y = f(x) in the x-axis.

These graphs can be considered as vertical stretches with scale factor —1.
+ Year 1, Section 4.6

12



Functions and graphs

The diagram shows a sketch of the graph of y = f(x).

The graph cuts the y-axis at the point (0, 3) and the point
P(1, 5) is the local maximum turning point.
On separate sets of axes, sketch the graphs of:

ay=f-x)+1 (3 marks)

y F
P= f(_x)

by=fx+2)+3 (3 marks)

0 \ x

On each sketch, show the coordinates of the point at which your graph intersects the y-axis, if

known, and the coordinates of the point to which P is transformed.

The diagram shows the graph of y = f(x). Pa

The points P(3, 5) and Q(5, 1) are turning points on the graph.
On separate diagrams, sketch the graphs of:

a y=-3f(x)+1 (3 marks)

y=f(x)

b y=f(x) -1 (3 marks) 0

For each graph, indicate the coordinates of any turning points.

The diagram shows a sketch of the curve with equation y = f(x).

VA
The curve passes through the origin O and the points A(9, 10) P
and B(-9, —70). .
On separate diagrams, sketch the graphs of: 2 &
)= f(x; ) (3 marks) y =1(x)
b y=1f(2x)-3 (3 marks) B
Indicate on each diagram the coordinates of the points corresponding to 4 and B.
The function gis definedby g: x— (x + 1)’ -4, x e R.
a Draw a sketch of the graph of y = g(x), labelling the turning point and the x- and
y-intercepts. (3 marks)
b Write down the coordinates of the turning points on the graphs with equations:
i y=2(gx))+2 ii y=-3g(x+1) iii y=g(2x)+1 (6 marks)
The diagram shows part of the graph of y = f(x), x € R. yA
The graph consists of two line segments that meet at the point N yﬂy
P(5, =2), as shown in the diagram. \ S ~
On separate diagrams, sketch the graphs of: _g_ _______ X
a y=2f(x+5) (3 marks) P
b y=|f(—x)| (3 marks)

On each diagram, show the coordinates of the point corresponding to P.

13



m Solving modulus problems
1

14

The function f is defined as
f(x)=2|x+1]-3,xeR

a Sketch the graph of y = f(x).

m Use transformations to sketch the graph.
Start with y = |x|, then apply a translation by the

vector ( 0 ), then a stretch with scale factor 2 in the
b State the range of the function. y-direction, and then a translation by the vector ( 03).

¢ Solve the equation f(x) = x + 4.

The function g is defined as
gx)=9-3x-2xeR

a Sketch the graph of the function. m The part of the function inside the modulus

b State the range of the function. signs must always be greater than or equal to 0.

¢ Give a reason why g~'(x) does not exist.

d Solve the equation g(x) = 3, giving your answer in set notation.

For each function f(x):

i sketch the graph of y = f(x)

ii state the range of the function.
a fix)=2lxl-1,xeR
b f(x)=2-3x+1,xeR

c f(x)=5+ ngzl,xe R
The diagram shows a sketch of part of the graph y = f(x), y — (%)
where f(x) = 3|2 - x| + 4, x = 0. y=
a State the range of f(x). (1 mark)
b Solve the equation f(x) = x + 20. (3 marks) 0| x
¢ Given that the equation f(x) = k, where k is a constant, has two distinct roots,

state the set of possible values for k. (2 marks)
a Sketch the graph of y = x| - 5. (3 marks)
b Explain why x| — 5 =< |x — 5| for all real values of x. (3 marks)
a Sketch the graph with equation y = |5x — 4, stating the coordinates of any points where the

graph cuts or meets the axes. (2 marks)
Find the complete set of values of x for which:

b |5x-4|>3-2x (4 marks)

c |5Sx-4|> % - 2x (2 marks)



Functions and graphs

7 Given that p and ¢ are positive constants,
a on separate diagrams, sketch the graphs with equations:
i y=[3x-pl i y=|3x-pl+gq

Show, on each sketch, the coordinates of any points at which the graph crosses or meets the
axes. (4 marks)

Given that the equation |3x — p| + ¢ = 2x + 8 has solutions x =0 and x = k,

b find k in terms of p. (4 marks)

Problem solving R4

Bronze

The functions f and g are defined by f: x — 3 - 2x3, x € Randg:xl—)%—s,xe R, x > 0.
a Find the inverse function f~'(x). (2 marks)
10x*—13 {1 ks
3-2x°
¢ Solve gf(x) = 1. (3 marks)

The function f is defined by f(x) = e™ + 2, x € R.

b Show that the composite function gf is given by gf : x —

a Find f-!(x). State the domain of this inverse function. (3 marks)
The function g(x) is defined by g(x) =In(x + 3), xe R, x > -3.

b Find fg(x) and state its range. (4 marks)
¢ Solve fg(x) = 66. (3 marks)

. . ) x=35 2
Thefunctlonflsdegnedbyf.xl—) x2+2x—3_x+3+2’xE|R’x> I
a Show that f(x) = 272, x > 1. (4 marks)
b Find the range of f(x). (2 marks)
¢ Find f'(x). State the domain of this inverse function. (3 marks)

The function g is defined by g: x — 3x? -4, x e R.
d Solve fg(x) =+ (3 marks)

15
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LG EHEGT -8 Set B

The diagram shows a sketch of the graph y = f(x), where f(x) = k — 3|x — 4]. V4
The graph cuts the y-axis at (0, —6).

a Find the value of k. 2marks) x
b State the range of f(x). (1 mark) / y=1f(x)
On separate diagrams, sketch the graphs of: /0, -6)
c iy=|f) ii y=1fx)) (4 marks)
d Solve f(x) =7+ 1. (5 marks)
 sitver )
The diagram shows a sketch of the graph y = f(x) where =i
f(x)=2|x+3| -4 \
a State the range of f(x). (1 mark) \/O‘ =
On separate diagrams, sketch the graphs of:
b iy=|fol i y=f(xl) (4 marks)
¢ Find the set of values of x for which f(x) = 4 — 0.5x. (5 marks)
d Find the set of values of k for which f(x) = k has:
i 0solutions ii 1 solution iii 2 solutions. (3 marks)
| Gold_
f(x) =a — |x + b|, x € R, where a and b are real constants. y

The diagram shows the graph with equation y = f(x). y =f(x)
The graph cuts the x-axis at the points (=8, 0) and (4, 0).

a Find the values of ¢ and b. (3 marks) /.(_8’ 0 O‘ @, ON

b Find the set of values of p for which the equation f(x) = px + 5 has:

i 0solutions ii 1 solution iii 2 solutions. (6 marks)

(ORGSR — Exam question bank Q26, Q32, Q55, Q63, Q66, Q79, Q82, Q85



Sequences and series

m Arithmetic sequences

For each arithmetic sequence: . . .
4 In an arithmetic sequence, the difference

i write down the first 4 terms of the sequence  between consecutive terms is constant.

ii write down the values of ¢ and d. The formula for the nth term, u , of an
a dn+3 b 7 -3n arithmetic sequenceisu =a + (n — 1)d,
& Bralls d 2n—5 where a is the first term of the sequence and d

2 is the common difference.

For each arithmetic sequence, find an expression for the nth term and find the 10th term.
a 2,6,10, 14, ... b 5.3.1,-1,..
¢c -2,1,4,7, ... d 8y, 5,2y,-y,...

Calculate the number of terms in each arithmetic sequence.

8.2 508 vep N9, 98
' m Find an expression for the nth term,

b 75, 73,71, ...,-3,-5 u , and set it equal to the final term in the
¢ -3.1,5,....109, 113 i
d -4k, -2k, 0, ..., 98k, 100k

In an arithmetic sequence, the fourth term is
17 and the 10th term is 47.
Find the first term and the common difference.

@ Use the general form for the nth term to
set up two simultaneous equations in ¢ and d.
+ Year 1, Section 3.1

The first term of an arithmetic sequence is 20 and the common difference is —%

a Find the value of the 25th term.
The rth term of the sequence is 0.
b Find the value of r.

The nth term of an arithmetic sequence is 3n — 4.
a Write down the first three terms of the sequence.
b State the value of the common difference.

An arithmetic sequence has first term ¢ and common difference d.

The fourth term of the sequence is —2 and the ninth term is —22.

a Find the value of @ and the value of d. (3 marks)
The nth term of the sequence is —54.
b Find the value of n. (3 marks)

17



EP) 8

GDE

a, b and c are three consecutive terms in an arithmetic sequence.

a Show that 4 ; €=p. (3 marks)

The first three terms of a different arithmetic sequence are 15, p* and —p, where p is a constant.

b Find the two possible values of p. (3 marks)

The first three terms of an arithmetic sequence are k, 4k — 3 and 3k + 10.
a Find the value of k. (3 marks)
b Find the value of the 50th term of this sequence. (3 marks)

m Arithmetic series

18

Find the sums of the following arithmetic series:
5 m5-2(2a+(n—1 )
asS5+9+13+17+... (20 terms)
b3+8+13+18+... (15 terms)
¢ 12+10+8+6+... (40 terms)

d8+75+7+65+... (25terms)

Find the sums of the following arithmetic series: m S e
a6+9+12+ .. 451 b 52+47+42+ ... +(=103)  value of n from the given last

¢ 2+1+4+..+175 d120+112+104+...+0 ™

Prove that the sum of the first 60 natural numbers m The natural numbers are the

is 1830. e
positive integers, 1,2, 3, 4, .....

S E= I L Bl
5 7 =60 EEDCEER B

Work out 2, and divide the
result by 2.

Find the least number of terms required for the sum of m Find thevalues.of @ and d

the arithmetic series 5+ 8 + 11 4+ 14 + ... to exceed 1000.
for this series, then find the least

positive integer n that satisfies
=3 (2a+ (n-1)d) > 1000
The rth term of an arithmetic series is 4r — 5.
a Write down the first three terms of the series.
b State the value of the common difference.

¢ Show that S, =n(2n - 3).
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Sequences and series

Cnn+1
a Prove that the sum of the first # natural numbers is ( 5 )

You may not use the formula for the sum of an arithmetic series in your proof. (3 marks)

b Hence find the sum of the even integers from 2 to 200. (2 marks)

U, U,, .... u, are the terms of an arithmetic sequence.
a Given u, = 103 and u, = 79, find the value of u,..
The sum of the first n terms of the sequence is 1925.

b Find the value of n.

An arithmetic sequence has first term ¢ and common difference d.

The sum of the first 12 terms of the sequence is 366.

a Show that 12a + 66d = 366. (2 marks)
Given also that the eighth term of the sequence is 38,

b write down a second equation in ¢ and d (1 mark)
¢ find the value of @ and the value of d. (4 marks)

An arithmetic sequence has first term ¢ and common difference d.

The sum of the second term and the sixth term is 14.

a Show thata + 3d=7. (3 marks)
The sum of the first 20 terms of the sequence is —120.

b Find the value of @ and the value of d. (4 marks)
The first term of an arithmetic series is @ and the common difference is d.

The 15th term of the series is 11 and the 20th term of the series is 32—7

a Show that that the first term of the series is —10, and write down the second term. (4 marks)
The sum of the first n terms of the series 1s 2055.
b Find the value of n. (4 marks)

The second, third and fourth terms of an arithmetic sequence are 3k, 4k + 5 and 7k
respectively, where k is a constant. Show that the sum of the first n terms of the sequence is
kn?, where k is a rational number to be found. (5 marks)

The third, fourth and fifth terms of an arithmetic sequence are 3k, 4k + 3 and 6k — 9
respectively, where k is a constant. Show that the sum of the first » terms of the sequence is a
square number. (5 marks)

19



m Geometric sequences

1

20

For each geometric sequence, find:
y d ' m The formula for the nth term, u , of a

i the common ratio geometric sequence isu = ai"~', where a is
% Shewihiterm, the first term and r is the common ratio.

a 2,6, 18,54, ... b: 60.30; 15, 7.5,....
¢ 10, -20, 40, -80, ... d 40, 60,90, 135 ...

a Write down the sequence from question 1

T : m A geometric sequence alternates if the
which is alternating. 8 9

terms are alternately positive and negative.
b Given that p, ¢ and r are three consecutive terms

in a geometric sequence, show that pr = ¢°.

The terms 5, x and x + 10 form the first three terms of a geometric sequence.
Given that the terms of the sequence are positive, find: m u _u,
a the value of x b the 10th term of the sequence. u, u,

Find the first term in the geometric progression @ : p—
4,12, 36, 108, ... that is larger than 1000000 a=acncr= 40 )ol hta ol

the smallest positive integer that satisfies
4 % 3"~1 > 1000000

You can solve this inequality by taking logs
on both sides. +— Year 1, Section 14.6

The fourth term of a geometric series is 16 and the seventh term of the series is 250.
For this series, find:

a the common ratio b the first term.

The first three terms of a geometric sequence are k + 4, 3k and 2k°, where k is a positive
constant.

Find the value of k. (4 marks)

The third term of a geometric sequence is 108 and the sixth term is 32. Find:

a the 20th term (3 marks)
b the first term in the sequence which is less than 1. (3 marks)
A geometric sequence has first term 150 and common ratio r, where r > 0.

The fifth term of the sequence is 50.

a Show that r satisfies 4Inr + In3 = 0. (3 marks)

b Hence, or otherwise, find the value of r correct to 3 significant figures. (1 mark)



Sequences and series

9 The first three terms of a geometric series are 5k, 4k + 3 and 6k + 7, where k is a positive
constant. Find:

a the value of k (6 marks)

b the first term in the sequence to exceed 10 000. (3 marks)

m Geometric series

1 Find the sums of the following geometric series. Give your answers to 3 significant figures if

necessary.

a2+6+18+54+... (10 terms) @ The sum of the first n terms of a geometric
b 48+24+12+6+... (12 terms) Se”ez i(sjiielf; by the formula

c 3—-6+12=24+ .. (8 terms) =y Pl (easier to use if [r| > 1)
d 810 + 540 + 360 + 240 + .... (9 terms) 2= a(}::ﬂ)- r#1 (easiertouseiflrl <1)

2 Find the sums of the following geometric
series. Give your answers to 3 significant
figures if necessary.

as5+10+20+...+640 b 13122 +4374 + 1458 + ... + 2

@ First find the number of terms, n, using
nth term = ar"~ .

c 1024_256+64_"'_1_16 d 128 + 192 + 288 + ... + 1458

3 Find the least value of n such that the sum

of the first n terms of the geometric series
3+64+ 12+ 24+ ... exceeds 1000000.

@ Work out the values of @ and r from the terms
given. Use the formula for the sum to n terms to
set up an inequality, and use logs to find the least
positive integer that satisfies the inequality.

® 4 The fourth term of a geometric series is 24. The fifth term of the series is 48.

For this series, find:

a the common ratio b the first term

¢ the sum of the first 20 terms.

® 5 A geometric series has first term 10 and common ratio % Calculate:

a the 10th term of the series to 3 decimal places (2 marks)

b the least value of n such that the sum to » terms is greater than 20, (4 marks)
6 A geometric series has first term 20 and common ratio%

Given that the sum to k terms is greater than 50,

a show that k > :E 8; (4 marks)

b find the smallest possible value of k. (1 mark)

21
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The first three terms of a geometric series are 2k — 4, k + 2 and k — 1, where k is a positive
integer.

a Find the value of k. (6 marks)
b Hence find the 20th term of the series, correct to 3 significant figures. (2 marks)
¢ Find the sum of the first 20 terms of this series, correct to 3 significant figures. (3 marks)

The second term of a geometric series is 96. Given that a + ar + ar® = 292.8, where a is the
first term of the series and » << 1 is the common ratio, find the sum of the first 10 terms of the
series. Give your answer to 3 significant figures. (9 marks)

A geometric series is such that the sum of the first two terms is equal to the third term.
a Show that the common ratio of the series is independent of the first term. (2 marks)

Given further that the common ratio is positive and that the first term of the series is 2,

b find the sum of the first 20 terms of the series, correct to 3 significant figures. (8 marks)

m Sum to infinity

1

22

a Explain why the geometric series Hint

. A tri iesi tif
2+0.2+0.02+0.002 + .... 1s convergent. ERS el DR,

Fl=1(r 1=r=1)

b Find the sum to infinity of this series. This means that the sum of the first # terms in the
series tends to a limit as # increases.

This limit is called the sum to infinity of the series
and can be found using the formula S_ = Tﬂ——r
For each of the following series:
i state, with a reason, whether the series is convergent.

ii If the series is convergent, find the sum to infinity.

a5+2+08+032+... b01+03+09+12+...
¢ 81-27+9-3+ ... d20+18+16+ 14+ ...

The fifth term of a geometric series is 2.4576 and the seventh term is 1.572864.

3 Explauiy i Guren s ConyeTaen; Gl¥ You can use the general form of the nth term
b Find the sum to infinity of the series. of a geometric series to find the values of ¢ and r.
A geometric series has first term 8 and sum to infinity 25.

= ? m Substitute into S_= %

a Find the common ratio.

n|—

A different geometric series has sum to infinity 40 and common ratio

b Find the first term.



EP) 10

Sequences and series

For a geometric series with first term ¢ and
a{l
common ratior, S, =80 and S_=81. @S“ a nd S, = —r’

a Find the possible values of r. s0S =S x (1 = F’")

b Given that all the terms in the series are positive, find the value of a.

The first term of a geometric progression is 4 and the sum to infinity is 12.

Find the common ratio.

a State the condition for an infinite series with common ratio r to be convergent.

b Find the sum to infinity of the geometric series % + % + 3—32 + ...

In a convergent geometric series, the common ratio is r and the first term is 4.
Given that §_ =20 x §,, find:
a the value of the common ratio, giving your answer to 4 significant figures

b the value of the fifth term.

The first term of a geometric series is 80. The sum to infinity is 120.
a Find the common ratio.
b Find, to 2 decimal places, the difference between the fourth and fifth terms.

¢ Calculate the sum of the first 6 terms.

A geometric series has first term ¢ and common ratio r.
The second term of the series is 12 and the sum to infinity of the series is 10.

a Show that 50/ = 50r + 12 = 0.

5

b Find the two possible values of r.
¢ Find the corresponding two possible values of «.

Given that r takes the smaller of its two possible values,

d find the smallest value of n for which S exceeds 9.99.

m Sigma notation

For each series:

i write out every term in the series. represent a sum. For example,

(3 marks)

(1 mark)
(3 marks)

(3 marks)
(2 marks)

(3 marks)
(2 marks)
(2 marks)

(4 marks)
(2 marks)
(2 marks)

(2 marks)

m The Greek capital letter ‘sigma’ is used to

= &
ii Hence find the value of the sum, Y (2r +1) =3+ 5+ 7 + 9, which is an arithmetic

serieswitha=3,d=2andn=4.

(4r=3) b X2r

r]

cos(90r°) a $3(-1)

v M*‘- i M=

23
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An arithmetic sequence has nth term u_= 5n - 1.

a Write down the first term and the common difference of the sequence.

12
b Hence find Y (5r - 1).
r=1

A geometric sequence has nth term
u =3 x2"!

a Write down the first term and the

common ratio of the sequence.
20
b Hence find } 3 x 27!

r=1
Find:

20

a f‘, (3r+2) b Z 3
e 25(3)

30

r=§

a Explain why

.i(S ~2r) = f(s -2~ __i(s - 2r)

30

b Hence find } (5 - 2r).
r=8

> (5 - 2r) represents an arithmetic series.

"
m Yaxb l‘=a+ab+abt+ab’+ ... +ab"!
r=1

is the sum of an 1 term geometric sequence with
first term @ and common ratio b.

m In part b there is no r in the expression
following the summation, so 3 is added to itself
20 times.
Part ¢ is a geometric series. Find the first term and
the common ratio.

m Use i{S—Zr}: E(S—Zr)+ i (5-2r

r=m+1

15
Find the value of 4 x 3r-! (3 marks)
r=10
100
Find )10 x 3 (3 marks)
r=1
k
Given that )} (3r + 6) = 750,
r=1
a show that (k — 20)(3k + 75) = 0. (3 marks)
b Hence find the value of k. (1 mark)
k
Given that Y 4 x 2= 262136,
r=1
a show that k = % (4 marks)
20
b For this value of k, calculate ) 4 x 2. (3 marks)
r=k+1
The infinite geometric series given by 1 + 4x + 16x? + ... is convergent.
a Write down the range of possible values of x. (3 marks)
Given that ¥ (4x) -1 =5,
r=1
b find the value of x. (3 marks)
10
Show that Y (4 + 3r+27-1) = 1228. (4 marks)
r=1



Sequences and series

m Recurrence relations

EP 6

Find the first four terms of the sequences defined by the following recurrence relations:

awu =2u-1,u=3 m
A recurrence relation defines each termin a
bu, =u-4u=10 sequence in terms of the previous term.
4y’
un+ 1 = 2 2 ul = 4
For each sequence: m
i state whether the sequence is In an increasing sequenceu, > u forallne N.
increasing, decreasing or periodic In a decreasing sequence u ., <u forallne N.
ii if the sequence is periodic, write In a periodic sequence, the terms repeat themselves in
down its order. a cycle. This means there is an integer k such that
u,, ~=u, for all ne N. The value k is called the order of

a 57 0800
the sequence.

b 1,0,-1,0,1,0,-1,0,1, ...
& 11,852 -1, .

For each sequence:

i write down the first 5 terms of the sequence
ii state whether the sequence is increasing, decreasing or periodic

iii if the sequence is periodic, write down its order.

au=3n-1 h =2 ¢ u =sin(180n - 30°)
du =2u+1,u-=1 e u =4-u,u =38 f u =u-4u=10
A sequence a,, a,, a., ... is defined by

a = P maz=k+(—])l=k—l

| =
= k —1)+(-1)z= k, d .
a”+ ’ = a + ( l)n ( ) ( ) ana so on
The sequence is periodic. You can find the sum of the
a Show thata, =a,. values in one period and use this to find the sum of the
Given that k& = 3, first 400 terms.
400

b find Za‘_

r=1

¢ write down the value of .,

A sequence is defined for n = | by the recurrence relation u__ = pu + g, u, = 4 where p and ¢
are constants. Given that #, = 3 and u, = 1, find the values of p and g. (4 marks)

A sequence is given by u, =5, u__ =ku - 8, where k is an integer.

a Show that u, = 5k* — 8k - 8. (2 marks)
b Given that u, = 40, find the value of k. (3 marks)
¢ Hence find the value of u.. (2 marks)
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A sequence has nth term u = sin(90n°), n = 1.

a Find the order of the sequence. (1 mark)
b Find ziului_. (2 marks)
A sequernce of numbers a, a,, a,, ... isdefined by a, =k, a,_  =5a +4,neN.

a Find a, in terms of k. (2 marks)
b Show that i“r is a multiple of 4. (3 marks)
A sequence oif-lllumbers a,, a,da, ... isdefinedbya =3,a =1- B ]_2, neN.

a Find §“,-' (3 marks)

r=1
50 49
b Hence find ,-Z'la’ + ,-E1a" (1 mark)

m Modelling with series

1

26

Matt is training to compete in a
marathon. He starts with a 6km run
one Sunday.

@ Real-life situations can be modelled with series.
Any situation where a sequence of values increases or
decreases by a constant amount can be modelled as an

He then increases his run by 2km each arithmetic sequence.

following Sunday.

a Show that on the fifth Sunday of training he runs 14 km.

b Find an expression, in terms of #, for the length of his run on the nth Sunday.

A marathon is 42 km.

¢ After how many weeks will Matt be running the length of a full marathon?

Matt trains for a total of 20 weeks.

d How many kilometres will he have run in total in his entire training period?

At the end of year 1, the adult

population of a town is 28 000, @ Any real-life situation where a sequence of

values increases or decreases in the same ratio can be

A model predicts that the adult modelled as a geometric sequence.

population will increase by 2.5%

Numerical answers must be given to an appropriate
each year. 8 RRERR

degree of accuracy.

a Show that the predicted adult
population at the end of year 2
1s 28 700.

Answers to questions about modelling situations must
be given in the context of the question.

b Write down an expression for the predicted population at the end of year n.

¢ Find the predicted population at the end of year 10.

d Give one criticism of this model.



Sequences and series

A girl saves money over a period of 52 weeks. She saves 10p in week 1, 15p in week 2, 20p in
week 3 and so on until week 52. Her savings can be modelled as an arithmetic sequence.

a Find the amount she saves in week 52. (3 marks)

b Calculate her total savings over the 52-week period. (3 marks)

Emma wants to take out a £6000 loan. She wants to make 24 monthly repayments on the loan.
She finds these two options.

Option 1: Payments increase by a fixed amount each month. First payment is £120 and final
payment is £396.

Option 2: First payment of £110. Payments increase by 7% each month.

Identify the cheapest loan option for Emma and work out the difference in the amount of
interest charged. (8 marks)
A car was purchased for £15000 on Ist January. On 1st January each following year, the value
of the car is 75% of its value on Ist January in the previous year.

a Show that the value of the car exactly 3 years after it was purchased is £6328 to the nearest
pound. (1 mark)

b Find the number of years it takes after purchase for the value of the car to fall below £1000.
(3 marks)

The cost of home insurance with an insurance company for the first year is £250.
Every year the cost increases by 5%.

a Find the cost of home insurance for the fourth year, giving your answer to the nearest penny.
(2 marks)

b Find the total cost of home insurance for the first 10 years. (3 marks)

The insurance company offers a discount on home insurance to customers who also purchase
car insurance.

10% discount in annual payment up to a maximum of £35

¢ Find the total cost for home insurance for the first 10 years with this discount. Give your
answer to the nearest pound. (4 marks)

A ball is dropped from a height of 2 metres. After each bounce, the ball reaches a height which
is % of its previous height. The successive heights of the ball can be modelled as a geometric

series.

a After how many bounces does the ball first bounce to a height which is less than 10cm?
(7 marks)

b How far has the ball travelled in total when it hits the ground for the 10th time? (4 marks)

¢ Give one criticism of this model for large numbers of bounces. (1 mark)
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Problem solving RIS #A

Bronze

An arithmetic sequence has 16th term 25, and 25th term 47.5.

a Find the first term of the sequence. (3 marks)
The sum of the first # terms of the sequence is 712.5.
b Find the value of n. (4 marks)

An arithmetic series is defined as p + 2p + 3p + .... + 200 where p is a constant.
Given that the sum of this series is 1700, find the value of p. (5 marks)

An arithmetic sequence has first three terms 3k + 2, 5k + 7 and 7k + 12, where k is a constant.

Given that the 60th term of the sequence is positive, find the range of possible values for .

(5 marks)
Problem solving ESIS4:)
Find f: 3 x (%) , giving your answer as a fraction in simplest form. (5 marks)
r=8
 sitver S

Given that ) (2r — 5) = 299, where k is a positive constant, find the value of k. (6 marks)

r=8

16
Given that Y (3r + 2" + k) = 131550, where £ is a constant, find the value of &. (6 marks)

el

\TRIGYAL LS — Exam question bank Q24, Q27, Q61, Q64, Q68, Q73, Q76, Q80
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Binomial expansion

m Expanding (1 + x)”

1 Find the binomial expansion up to and L
including the term in x° of: @ Q+x)"=1+nx

. ; nn-1) , nn-1)n-2) ,

; ba+v' cd+y 2 e BEZ =D

A A+

+m+(n(n— 1) ..F.-!(n—r+1)

This expansion is valid when x| < 1, n e R.

. S )x*+...
d 1+x)° e (141%™ f(+x°

2 For each expression:

i find the binomial expansion up to and
including the term in x*

m Replace x with (bx) in the binomial

. ¢ p— . expansion formula. Remember that
ii state the range of values of x for which (bx)" = b'x".

the expansion is valid.
The expansion of (1 + bx)" is valid for [bx| < 1,

1 xX\3
B dr2vy  PVI=x ¢ (1+3) or x| < 5
_ 54 1 A
d (1-=5x) ¢ g f(] 3)

3 a Find the first four terms, in ascending powers of x, in the binomial expansion of V1 —4x.

b By substituting x = 0.01 in your expansion, @
When x = 0.01,

find a decimal approximation for V6. >
o \.I'l—dxle'f].%:-‘,’fsxm:g\'g
¢ State why the approximation is valid for
x=0.01.
4+ x -
4 f(x)=—F—= - 2
(x) V173 @ Write f(x) as (4 + x)(1 + 3x)

a Find the first three terms, in ascending powers of x, of the binomial expansion of f(x).
Give each term in its simplest form.

b State the range of values of x for which the expansion is valid.

5 Given that the binomial expansion of (1 + Ax)~7, Jkx| < 1,is 1 — 8x + Ax? + ...

a find the value of the constant k (2 marks)
b find the value of the constant A, giving your answer as a fraction in its simplest form.
(3 marks)
o =X
6 flx)= 1 +3
a Show that the series expansion of f(x) up to and including the term in x° is
I —4x + 12x% - 36x° (4 marks)
b State the range of values of x for which the expansion is valid. (1 mark)
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s . 5 3
7 g(”1‘)_1+4):_l—23c

a Find the series expansion of g(x) in ascending powers of x, up to and including the term in x>,

Simplify each term.

b State the range of values of x for which the expansion of g(x) is valid.

(6 marks)
(1 mark)

¢ Find the percentage error made in using your expansion in part a to estimate the value of

2(0.01). Give your answer to 2 significant figures.

1

(3 marks)

Find the binomial expansion of V1 — 6x, x| < % in ascending powers of x up to and
including the term in x°, simplifying each term.

(4 marks)

b By substituting x = 300° find a decimal approximation for V2. Give your answer to 5 decimal

places.

Use the binomial expansion to show that

b Substitute x = < into \Jﬂ ) Y 3x°
8 1+x

a

Give your answer in the form ; Where a and b are integers.

m Expanding (a + bx)"

1 For each expression:

i find the binomial expansion up to and
including the term in x*

ii state the range of values of x for which
the expansion is valid.

1 b {a—%

a (2+—3,\)3 c(8+2x)§

2 For each expression:

i find the binomial expansion up to and
including the term in x*

ii state the range of values of x for which

the expansion is valid.
c f4 + X
l-x

3 1-x

P b B=xp

Given f(x) = (5 - 3x)7,

(5 marks)
1-5x A
1o ~]-3x- 2_,|x|<1. (6 marks)
to obtain an approximation for V3.
(3 marks)

m To expand (a + bx)" where @ and b are

constants, first take out a factor of a”.
(el o]
(a+ bx) -(a(1+ax =qa 1+ax
The expansion of (a + bx)" is valid for ‘%x‘ =]
or x| < |§|
@D =0
T = &+ 0-x

= 2(1 <= %)é (1- X)-%

a find the binomial expansion of f(x), in ascending powers of x, up to and including the term

in x°. Give each coefficient as a simplified fraction.

b State the range of values of x for which the expansion is valid.
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Binomial expansion

; . ; P ; ; 1
a Find the first three terms in the binomial expansion of sl =3,
. V6 + 2x

Give each coefficient in simplified surd form. (5 marks)
b Hence or otherwise, find the first three terms in ascending powers of x, of the expansion

of Sx-1 (4 marks)

V6 + 2x
The first three terms in the binomial expansion of i . are 1 = - 2x
B Tesbe 23 27" 8l

a Find the values of the constants « and b. (6 marks)
b State the range of values of x for which the expansion is valid. (1 mark)
¢ Find the coefficient of the term in x* in its simplest form. (2 marks)

1
a Use the binomial expansion to expand (8 — 5x)°, |x| < 8 in ascending powers of x, up to

and including the term in x?, giving each term as a simplified fraction. (5 marks)

b Use your expansion, with a suitable value of x, to obtain an approximation for V7.

Give your answer to 3 decimal places. (2 marks)
g00) = 3ot - 32

T 2-4x 3-5x

a Find the series expansion of g(x) in ascending powers of x, up to and including the term in x*,

Simplify each term. (6 marks)
b State the range of values of x for which the expansion of g(x) is valid. (1 mark)
¢ Find the exact value of g(0.01). Round your answer to 7 decimal places. (2 marks)

d Find the percentage error made in using your expansion from part a to estimate the value of
2(0.01). Give your answer to 2 significant figures. (3 marks)

a Use the binomial expansion to expand 81 _"'32 in ascending powers of x, up to and

including the term in x°, giving each term as a simplified fraction. (8 marks)
b State the range of values of x for which the expansion is valid. (1 mark)

¢ By substituting x = 0.1 into your expansion, find an approximation for V7, giving your
answer to 5 decimal places. (3 marks)

m Using partial fractions

i

4x+1 - .
a Express ————— as partial fractions.
PES T+ n2-n™P @ Partial fractions can be used to simplify
b Hence, or otherwise, expand __Ax+1 more complicated algebraic fractions and make
) ) (1+x)(2-x) them easier to expand using the binomial
in ascending powers of x, up to and expansion. . cactlent

including the term in x2.

¢ State tl}e réfngzlg; values of .x for which the m Choose a range of values for x that is valid
cxpansion Is vatid. for all the binomial expansions that you use.
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a Express

5 as partial fractions.

3x
3+x)

m As (3 + x) is a repeated linear factor, use

b Thethe Binomai expansion to show that two partial fractions with denominators (3 + x)
Jis 1 and (3 + x)° respectively. +— Section 1.4

Py 2 3
G+ )P 3x+Bx + Cx*, where B and C

are constants to be determined.

¢ State the range of values of x for which the expansion is valid.

2x*+5x -8 . :
a Express 70— — using partial
p T =5)(x+4) £p @ As the degree of the numerator is the
fractions. same as the degree of the denominator, first
: 2x2+ 5x -8 divide the numerator by the denominator.
b Hence, orotherwise gxpand — %7 —= 1
(x-35)(x+4) + Section 1.5

in ascending powers of x, up to and
including the term in x*.

¢ State the range of values for x for which the expansion is valid.

8qx -1
(1 =2x)(1 +4x)

a Express f(x) = as partial fractions. (3 marks)

b Hence, or otherwise, expand ] — in ascending powers of x, up to and including
. (1 =2x)(1 +4x)
the term in x?, (6 marks)
¢ State the range of values for x for which the expansion is valid. (1 mark)
10x+4 __ 4 B -y
(+2x7 = 1+2x + T+ 207 lxlI < 5, where 4 and B are constants.
a Find the values of 4 and B. (3 marks)
b Hence, or otherwise, find the first three terms in the expansion of % (6 marks)
3Ix2+5x-7 _ B C
m =4 +_x ] + sy where 4. B and C are constants.
a Find the values of 4, Band C. (4 marks)
b Hence, or otherwise, find the first three terms in the expansion of Ix*+5x=T7 (6 marks)
(x+4)(x=-3)
¢ State the range of values for x for which the expansion is valid. (1 mark)
N 2x*+5x+12 _ A B C
= =P r=0) 3= TR 20
a Find the values of 4, Band C. (4 marks)
b Hence, or otherwise, find the series expansion of f(x), in ascending powers of x, up to and
including the term in x*. Simplify each term. (6 marks)
¢ Explain why the expansion is not valid for x = 0.5. (1 mark)



Binomial expansion

Bronze

Problem solving ESIS#A

The binomial expansion of (1 + 10:‘:)"lI in ascending powers of x, up to and including the term
inx}is 1 +5x+px?+gx3, [10x] < 1.
a Find the value of p and the value of ¢. (4 marks)

b Use this expansion with your values of p and ¢ together with an appropriate value of x to
obtain an estimate of (1.5)". (3 marks)

¢ Find the percentage error made in using your expansion to estimate the value of (1 .5)’l.
Give your answer to 2 significant figures. (3 marks)

a Find the binomial expansion of V1 — 6x in ascending powers of x, up to and including the

term in x°, simplifying each term. (4 marks)
b Substitute x = % into the binomial expansion to find an approximation for V3.

Give your answer as a fraction in its simplest form. (5 marks)
¢ Explain why the expansion is valid for this value of x. (1 mark)
a Use binomial expansions to show that \’% ~1+2x+2x°, (6 marks)

A student attempts to use this expansion to find an approximation for V5. The first few steps
of the student’s working are shown below.

INF 2% e
i
1+3x=5-5x
=
et
Substitute x = 15 into expansion

b Explain the error in the student’s working. (2 marks)

¢ By substituting a suitable value of x into the approximation, obtain an approximation for
V5, giving your answer to 5 decimal places. You must state the value of x you chose and
justify your choice. (3 marks)
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Bronze

Problem solving REIS4:

2

a Use the binomial expansion to show that 5 _1 i %+ %Tx + 9% and state the range of

values of x for which the expansion is valid. (5 marks)
b Obtain the binomial expansion of a _lx)z up to and including the term in x2. (2 marks)

: 3x2 -4 : : A B £

¢ Given that 2=39(1 —xF can be written in the form (2= 3v) -+ 1-x + A= find the

values of the constants 4, B and C. (5 marks)
d Hence find the binomial expansion of - %x; E14_ P up to and including the term in x°.

(3 marks)

e State the range of values of x for which this expansion is valid. (1 mark)
a Express f(x) = % using partial fractions. (5 marks)
b Hence, or otherwise, find the series expansion of f(x) in ascending powers of x, up to and

including the term in x°. Simplify each term. (5 marks)
¢ State the range of values of x for which the expansion is valid. (1 mark)

By considering the series expansion of arsitr3 Of otherwise, use binomial expansions to

Al T 3x x  109x2

show that = 5——F=——==

1
2x>+5x+3 3 187 216 (10 marks)

\[OTRSTALTEE — Exam question bank Q14, Q33, Q51, Q57, Q60, Q70, Q81
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m Radian measure

1 Convert these angles from radians to degrees,

giving your answers to 1 decimal place, where
appropriate.
St b T

a == g c 4r

a Convert the following angles to radians, giving
your answers as multiples of 7.

i 18° i 32.5° i 320°

Radians

m To convert radians to degrees

multiply by
d 0.34rad

m To convert degrees to radians

multiply byﬁ%

b Convert the following angles to radians, giving your answers to 3 significant figures.

i 16° i 124° iii 260°

Sketch the following graphs, marking any points

m Take note of the domain given for

where the graphs intersect with the coordinate axes.

a y=tan2xforO0=x<nrx
b y=cos(x+mfor0=x=<2n

g sin(%x) +lfor-r=x=n

each graph. When the domain includes
values in terms of 7, you must sketch the
graph in radians.

Without using a calculator find the exact values of

these trigonometric ratios.

a cos(gT‘T) b tan(—%) c sin(—%)

m Start by expressing each part in
terms of trigonometric ratios of values

between 0 and =,

Sketch the following graphs on separate sets of axes, marking any points where the graph

intersects with the coordinate axes.
a y=2cos2xfor-2r<x=<0

b y= sin(x—;—r) for-r=sx=n

In the triangle POR, PO =12cm, QR = 8cm and RP =9cm.

a Find the size of angle QRP, giving your answer in radians to 3 significant figures. (3 marks)

b Find the area of triangle POR, giving your answer in cm? to 3 significant figures.

The diagram shows the curve with equation

6
Write down the exact coordinates of the points

where the curve intersects with:

y=sin(x+E),0$x£4ﬂ:

a the x-axis (3 marks)

b the y-axis. (1 mark)

¥ =sin (x +

=¥




8 The diagram shows three ships 4, B and C. The ships are in the same N
horizontal plane.

Ship B is 600m due north of ship A. B

Ship Cis 800m from ship A on a bearing of g radians. 600m

a Find the distance between ship B and ship C in metres to
3 significant figures. (3 marks)

b The bearing of ship C from ship B is 6. Find the value of 6 in A

degrees to 3 significant figures. (3 marks)

m Arc length

800m

ola

An arc AB of a circle, with centre O and radius rem, @ Use /= 8 to find the arc length.

subtends an angle 0 radians at O. Giving exact values
where possible, find the length of AB, /cm, when:

ar=18,06=25rad b r=65, 9—23" )f’

¢ r=2.3,0=0.35rad

2 Anarc AB of a circle, with centre O and radius rcm, @ Make sure your calculator is

subtends an angle 6 radians at O. The length of 4B is

[em. formula for arc length.

Giving your answers to 3 significant figures, find the
radius, rcm, when:

a s:sﬁ,e:’—g b /=20,60=1.8rad ¢ /=925, 6 =045rad

3 Anarc AB of a circle, with centre O and radius rcm, subtends an angle 6 radians at O.

The length of 4B is /cm.
Giving your answers to 3 significant figures, find the angle, 6 radians, when:

al=121,r=34 b /=7.235r=0.92 ¢ I=V5,r=v2

4 The shape ABCD consists of a triangle ABC joined to a C
sector ACD of a circle with radius rcm and centre 4. The lines D

AB=8.6cm and BC = 7.3cm, and angle DAC = 1.52 radians. 1.52rad /)

s 1rcm

rcm

in radians mode when using the

Given that the length of the arc DC is 6.08 cm, find:

A 86cm B

a the length r (2 marks)

b the perimeter of the shape ABCD. (2 marks)
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The shape ABCDEA consists of a right-angled triangle BCD joined
to a sector ABDEA of a circle with radius 8 cm and centre B.

The points A, B and C lie on a straight line with AB = 8cm and the
Tn

size of the angle ABD is ~== radians. A
9 C B 8cm A

a Calculate the exact length of the arc DEA, giving your answer as a

multiple of 7. (2 marks)
b Calculate the perimeter of the shape A BCDEA to 3 significant figures. (4 marks)
The shape comprises a triangle XYZ, with XY = 6cm and ¥ 7
ZX =4cm, and part of a circle. The circular arc ZWis a Ww~gem
major arc of the circle with centre X and radius 4cm. The X
point W lies on the line X'} and the angle ZXW = ¢ radians.
Given that the exact length of arc ZW'is 48—Ecm, find:
a the exact value of ¢ in radians (2 marks)
b the area of triangle X'YZ, giving your answer to 1 decimal place. (3 marks)

A circular cake is cut into 12 exactly equal slices, so that the horizontal cross-section of each
slice is a sector of a circle.

Given that the arc length of the cross section of each slice is 5?ﬁcm, find:
a the diameter of the cake (2 marks)
b the exact angle, in radians, between the two straight edges of each slice. (1 mark)

m Areas of sectors and segments

1

2

a Find the area of the sector of a circle of radius 5cm, given that the m Draw a diagram

sector subtends an angle of 0.45 radians at the centre of the circle. Bf el sectarvith e

b Find the area of the sector of a circle of radius 7.3cm, given that the ~ given information.
sector subtends an angle of 1.2 radians at the centre of the circle. Use 4 = % 726 to find

¢ Find the radius, rcm, of a circle, given that a sector of the circle sector area.

97

has an area of 3 cm? and the sector subtends an angle of
% radians at the centre of the circle. @e

d Find the angle, 0 radians, subtended by a sector at the centre of a
circle, given that the circle has radius 7.2 cm and the sector has an
area of 33.696cm’.
Find the area of the shaded segment in each of these sectors. m e thE Farmn L

C 0 Scm A:%r?(e—sme)

4 0 3cm b o
B N 6cm In part ¢ you need to find
- i . Eirn 6 first. You can do this by
3 / using the cosine rule.
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Find the shaded area in each of these circles with centre C.

a b C

(R ’a
The sector PQRS is part of a circle with centre Q and radius Sm. 0
The length of the line segment PR is 5V3 m.

Sm Sm
a Calculate the exact size of angle PQR in radians. (3 marks)
R P

b Calculate the exact area of the sector, giving your

answer as a multiple of 7. (3 marks)

S

¢ Calculate the area of the segment PRS, giving your

answer to 3 significant figures. (3 marks)
The shape consists of a triangle 4 BE joined to a sector BCDE of D

a circle with radius 8 cm and centre B. The points 4, B and C lie z 1
ocm

on a straight line with AB = 19cm and BC = 8cm. 0.73rad 2.
A 19cm B 8cm (C

:

Given that the size of angle ABE is exactly 0.73 radians, find, giving
your answers to 3 significant figures:

a the area of the shape (4 marks)
b the perimeter of the shape. (5 marks)
The diagram shows the sector OAB of a circle of radius rcm. A
The area of the sector is 37.8cm?® and angle AOB is 1.2 radians. S
a Show that r = 37 cm. (3 marks)
The shaded segment R is enclosed by the arc AB and the straight line 4B. o i
b Find the area of R, giving your answer to 1 decimal place. (3 marks) rem)

B
The diagram shows a sector AOB of a circle with centre O and radius rcm. 0

The angle AOB is 0 radians. The area of the sector AOB is 12cm?.

a Given that the perimeter of the sector is 6 times the length of the arc
AB, find the exact values of € and r. (4 marks) rcm rem

The shaded segment 7' is enclosed by the straight line AB and the arc 4B.

b Use your values of 8 and r to find the area of T, giving your answer to 4A&~————=8
3 significant figures. (3 marks) V4



m Solving trigonometric equations
1

(E/P) 5

EP) 6

Solve these cq}lations for 0 in the intcrvalt \ m Make sure your calculator is in radians

0 = 6 = 2x, giving your answers to 3 significant made.

figures when they are not exact.

a sinf =05 b tanf = -2 m For parts ¢ and d, rewrite the equations

c 5cos@ =3 d V2sin6+1=2 in the forms cos@ = ... and sin@ = ...

Sf)l.vc these equations for 9 in the given intervals, @ Check that your final values are within

giving your answers to 3 significant figures when the given range.

they are not exact.

a2+3sm=4,0=0=n

b 6cos@-1=-4, -1=0=<2x

c VEtanB—?z—S, 2n=0=r1

d V2c0s20 -0.6=04, 1< 0 <3r

Solve these equations for 6 in the interval 0 =< @ =< 2, giving your answers to 3 significant

figures.

8 tan“g-+tan =2 m For part a, use the substitution ¢ = tan 0

b 3sin’6-2cos@+1=0 to form a quadratic equation.

& cos(6+ %) =05 For part b, you need to use the identity
sin“@+ cos’@ =1

d sin(20+0.6) = 1

Find all the values of @ in the interval 0 = 8 = 27 for which:

a 005(9— 1—%) — cos(%) (3 marks)
b tan20 =0.6 (3 marks)

Give your answers to 3 significant figures where they are not exact.

a Given that 4sin x = 3cosx, find the value of tan x. (1 mark)

b Solve 4sin2x = 3cos2x for - =< x = 7, giving your answers to | decimal place. (5 marks)

a Show that the equation 2cos”x + 3sinx = 3 can be written in the form

2sin?x - 3sinx+1=0 (2 marks)

b Solve 2sin’x —3sinx + 1 =0 for 0 = x = &, giving your answers exactly. (4 marks)
a Solve sin(39+ L—E) =-02intherange0 <=0 = %

Give your answers to 3 significant figures. (4 marks)

b Find the exact values of 6 in the interval 0 = 8 < & for which 4cosx = 6tan.x. (6 marks)
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m Small angle approximations

1 When 0 is small, find the approximate values of: m When 8 is small and measured in
o Sin30 p lan46 S5tan6 — 6 radians, sin® = 6 and tan 6 = 6.
6 sin26 sin46

2 When 6 is small, find the approximate values of: m Vihenghsamallandimensiredin

1 —cos20 b cos68 — 1 ¢ ftan@ radiansl cos@ =1 _E
6 sin 6 sin36tan 6 1 —cos@ s

3 When 6 is small, show that: m Use the small angle approximations

20 —sin36_ _ 1 p cos0-1_ _1g and then simplify.
Otan46 40 sin O 2
¢ Sin6+tan6 _ 1
l1-cos20 @

@ 4 Given that 0 is small and is measured in radians, use the small angle approximations to find an
approximate value of

- 2
136 51?1%2_(? (3 marks)

5 Given that 6 is small, use the small angle approximations for sin 6, cos 6 and tan 6 to show that

3tan9_—4cos€+5¢:29+1 (3 marks)
sinf + 1

6 a Given that 6 is small, use the small angle approximation for cos 8 to show that
5c0s°0 + 6¢cosB +1 =12 -86° (3 marks)

Josh tests the approximation in part a on his calculator by using 6 = 10°, and his working is
shown below.

5c05210°+ 6cos10°+ 1 = 11.76, to 4 significant figures.
The approximation gives 12 — 8(10)* = =788

Therefore, 5cos?8 + Gces@ + 1 = 12 — 86° 15 not true for 8 = 10°

b Is Josh correct? Give full reasons for your answer. (2 marks)
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Problem solving ESIS#¥:

Bronze

The diagram shows an equilateral triangle 4 BC with side length 6cm. B
A segment of a circle with centre C is attached to 4B, and an identical
segment of a circle with centre A is attached to BC.

a Write down the exact size of angle CAB in radians. (1 mark)
b Find the exact area of triangle ABC. (2 marks)

¢ Find the exact area of the sector with centre 4 and arc 4 | C
BC, giving your answer as a multiple of 7. (2 marks)

d Hence show that the shaded area of the shape is (127 — 18V3) cm?. (2 marks)

A shape comprises a rhombus enclosed by two A
arcs of circles. Arc BAD has centre C and arc BCD
has centre 4. Some of the dimensions of the shape 8cm
are shown in the diagram. D O[] B|8cm
a Find the exact area of the rhombus ABCD.

(3 marks) v

b Find the exact area of the sector with centre 4 and
arc BCD, giving your answer as a multiple of 7. (3 marks)

¢ Hence show that the shaded area of the shape is %(647: — 48V3)em?, (2 marks)

A shape comprises a rhombus surrounded by two
arcs. Arc BAD has centre C and arc BCD has centre 4.
Angle DAB is 6 radians.

Show that the area of the shape is

-5+

where ¢ and b are integers to be found. (8 marks) c
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Problem solving BSIEA:]

Bronze

a Sketch the following graphs on the same set of axes:

i p=tanxfor0<x<2r ii y=1 i y=-3 (3 marks)
b Show that the equation 3tan’x + 8 tanx — 3 = 0 can be written as
(3tanx — I)(tanx + 3) =0 (1 mark)
¢ Hence solve the equation 3tan’x + 8tanx — 3 = 0 for 0 < x < 27, giving your
answers to 3 significant figures. (3 marks)

a Show that 3cos’x = 5(1 — sin x) can be written as

3sin’x — 5sinx +2=0 (3 marks)

b Hence solve 3cos?x = 5(1 — sinx) for -7 = x = 7, giving your answers to 3 significant
figures where they are not exact. (4 marks)
Solve cosx = 3tan x for 0 = x = 3x, giving your answers to 3 significant figures. (8 marks)

([OTALSTALTEN — Exam question bank Q25, Q30, Q35, Q41, Q44, Q46
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Trigonometric functions

m Secant, cosecant and cotangent

1

EP) 7

Without using your calculator, work out the exact T 1
values of’ m e o
- _ CO5X
a sec30° b cosec 547[ c cot—%ﬂ SekR tanx lIeicoR ¥ sin x
;Jls;e y‘?”r ca!cplator to find the val;le§ ot?;he m Your calculator may not have keys
f‘? 0W1lng, gIving your answers to 3 signiiicant for these functions. For example, for
SHes: part a, find tan 3.6 rad, then find its
a cot3.6rad b cosecl33® ¢ secTTE reciprocal.
Find the exact values of:
a secl50° b cot(-135°) ¢ cosec %
Show that:
sec60°  _ I o T
A e 270° = 2 b cosec 1 cot =6
Prove that:
a sec(—0)=sect b cot(6+ m)=cotO
ABC is a right-angled triangle, with angle ACB = x, and A
sides AC = 5cm and BC =4cm.
_ 3 et
Write down the exact value of:
a secx b cosecx ¢ cotx
>
B 4cm
g5 \{_ avb .
Show that cotZ — cosec , where a and b are integers to be found. (2 marks)

3 4 a

m Graphs of sec x, cosecx and cot x

1

a i On the same set of axes, sketch the graphs of

Th ber of solutions to th
y=secxand y = 3 in the interval 0 = x =< 27. m ekl sl

equation is the same as the number of
ii State the number of solutions to the equation points of intersection of the graphs.

secx =3 =0for0 <. <2m. The graph of y = secx is undefined for

values of x for which cosx = 0. It has

b i On the same set of axes, sketch the graphs ) :
vertical asymptotes at these points.

of y = cosecx and y = —sin x in the interval

—180° = x = 180°
@ The graph of y = cosecx is
ii Explain how your graphs show that there are undefined for values of x for which
no real solutions to cosec.x = —sin x. sin x =0, and has vertical asymptotes at

these points.

43
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EP) 6

44

ii Hence state a relationship between cot x and
—tan x.

interval - < x < 3%':

On separate sets of axes, sketch the graphs of
y =cotx and y = —tanx in the interval
-360° = x = 360°.

m The graph of y = cot X, is undefined
for values of x for which tanx =0, and

has vertical asymptotes at these points.

On the same set of axes, sketch the graphs of y = secx and y = cosecx in the

ii Hence state a relationship between sec x and cosec x.

Sketch the following graphs on separate sets of
axes in the interval 0 = x = 360°, showing the
coordinates of any maximum and minimum
points, and any points of intersection with the
coordinate axes.

a y=1+cosecx b y= —cot%x

s T\ ;
The graph shows the curve y = cosec(x - Z) n
the interval 0 < x < 4. y

Write down:
a the coordinates of the y-intercept
b the turning points of the curve

¢ the equations of any vertical asymptotes.

a Sketch the graph of y =2 + 4 secx in the interval =360° = x = 360°.

m Start by sketching the graph of
sec.x, cosec.x or cot x, and then apply

each stretch or translation to transform
the graph.

¢ y=3sec2x

M= cosec(x + E)

U

(3 marks)

b Given that the equation 2 + 4 sec.x = ¢ has no real solutions, find the range of possible

values for a.

The diagram shows a sketch of the curve
y = f(x), where f(x) = cot 3x, for
0 =< x < 180°, x # 60°, 120°.

(0]

(1 mark)

y =f(x)

a Write down the number of solutions
to the equation f(x) = x. (1 mark)

b Write down the solutions to the
equation f(x) = 0. (2 marks)

=

the interval -t = x = m.

On the same set of axes, sketch the graphs of y =2 + 3 cosecx and y = —x in

(3 marks)

b Write down the number of solutions to the equation 2 + 3cosecx + x =0 in

theinterval -t = x = 1.

1

¢ Deduce the maximum value of ————
2 + 3cosecx

which this occurs.

(1 mark)

and give the smallest positive value of x at

(2 marks)



Trigonometric functions

m Using secx, cosecx and cotx

1

(E/P) 4

EP) 6
(E/P) 7

Write down the value of:

a secx given that cosx =

1
a
b cosecx given that $ =5 m For part ¢, use

sinx _
cosx

tanx

+ Year 1, Section 10.3

¢ cotx given that 2cosx = 3sinx

Simplify each expression, writing your answer as a
single trigonometric function.

@ Start by writing sec x, cosecx or

cotx in terms of sin x, cos x or tan x and

. . 1 o
a cosxcotx + sinx | e then simplify.

¢ cot3xsec3x

Solve the following equations for values of x in
the interval 0 = x =< 360°, giving your answers to
3 significant figures where necessary.

a cosecx=2 b V3secx=4
¢ 3cotx=-2.5

cotx +tanx _

a Prove that SEco = cosecx

cotx +tanx _ 4

b Hence solve in the interval 0 =< x =< 360°, the equation Secx =

a Prove that cos38 + sin38tan30=sec30

b Explain why the equation 2cos 360 + 2sin36tan 30 = —1 has no solutions.

Solve 3sinx = 8cotx in the interval 0 < x < 21

a Prove that —S10X 4 L+ cos.x = 2cosecx

1 + cosx sin x

b Hence solve in the interval 0 = x = 27, the equation

sin(x - %') 1+ cos(x - %)

+ =5

1+ cos(x - %) sin( - %)

m Trigonometric identities

Show that: ) .
Use these identities:

I

2 2y = 2 2 4
a cosec-x + tan-x =sec-x + cot-x 1+tanZx=secZx

b cot’x + cos’x = (cosecx — sinx)(cosecx + sin x) 1 + cot?x = cosec’x

R sin?x +cosx=1
1. 1. =2+ 2tan’x
l+sinx 1-sinx

m Write the equivalent equation for
sin x, cos x or tan x, then solve.

(4 marks)
(3 marks)

(4 marks)
(2 marks)

(4 marks)

(4 marks)

(4 marks)
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Given that sinx = % and that 90° < x < 180°,
find the exact values of:

m The interval 90° = x = 180° means
that x lies in the second quadrant, where
a Ccosx b cotx € coseCx cosx and tanx are negative.

Solve these equations in the given intervals.
Give your answers to 3 significant figures when
they are not exact.

m Use the identities 1 4 tan®?x =sec®x
and 1 + cot?x = cosec?x to write each
equation in terms of one trigonometrical

a seclx+tanx=1for-r=x=nx function only, and then factorise and solve.
b 3cot’x+9cosecx+ 1=0for0<sx<2r

¢ cosec’x+cot?’x=3for0sx<2x

Given that 7cot>x — 5cosec’ x = 2, and that x is obtuse, find the exact value of cosx. (3 marks)

Solve sec*x = 5 4 3 tanx in the interval 0 = x =< 360°, giving your answers to 1 decimal place
where necessary. (4 marks)
Given that cot’>p = —4 cosecp,

a find the value of cosecp (4 marks)
b show that sinp =2 — /5. (2 marks)

¢ Hence solve cot’p = —4 cosecp in the interval 0 = p < 27, giving your answers to 1 decimal
place. (3 marks)

Solve 2cosec’x + Scotx =5 in the interval - < x =< 7, giving your answers to 2 decimal
places. (4 marks)

m Inverse trigonometric functions

1

In each of the following cases, sketch y = f(x), _
: . : arcsinx, arccos x and arctanx
showing any points where the curve intersects the _ _ :
are the inverse functions of sinx, cosx

coordinate axes, and the domain and range of each : _
and tan x respectively. These inverse

function. ) _ _
functions have a restricted domain to
a f(x) = arcsinx b f(x)=arccosx ensure they are one-to-one functions.

¢ f(x) = arctanx

Without using a calculator work out the following,

. s ; m You can work these out without a
giving your answer in terms of .

calculator by considering exact values of

a arctan(l) b arcsin(—%) sin, cos and tan.

)
C arccos( 3



(E/P) 4

EP)s
EP) 6

EP) 7

Trigonometric functions

Without using a calculator work out the values of: @
Make sure you give your answers in

. s s =
a arcsm(sm 5) the appropriate ranges for arcsin, arccos

b arccos (cos3m) and arctan.

¢ arctan (tan STE)

a Sketch the graph of y = % + arcsin(x - %), clearly showing the exact coordinates of the

endpoints of the curve. (4 marks)
b Find the exact coordinates of the point where the curve crosses the x-axis. (3 marks)
Find in terms of m, the value of arccos (%) + arccos (—%) (2 marks)
The diagram shows the graph of Pk
y=aarctan(x + b), wherea and hbare =~ T -_______.___.———t-ﬁb
constants to be determined. y=garcial(:4+0)
a Find ¢ and b. (3 marks) (=3.0)
b Find the coordinates of the point where 0 *
the curve crosses the y-axis, giving your
answer to 3 decimal places. (2 marks)
Given that arccos(x — 3) = —%, find the o
exact value of x. (3 marks)
Problem solving Bl ¥
a Given that -S08X 1 =sinx _ p., show that
| —smx COos X
cos’x + (1 — 2 sinx + sin’x)
- = 2
(1 = sinx)(cosx) {marks)
b Hence show that sec.x =% (3 marks)
a Given that cot>x + cosec’x = @, show that cosec’x = 4 '5 L (2 marks)
b Hence show that sec’x = ‘;‘;t i al (3 marks)
. =" 2
Given that 1 = 120X _ z, show that cosec?x = 2_ s #1. (5 marks)

1 +tan’x =
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Bronze

Problem solving BS194:

a i Sketch the curve y = tan2x in the interval 0 = x = 7, showing the points where the curve
crosses the x-axis.

ii Write down the period of tan2.x. (3 marks)

b i Show that the equation cot?2x — 4cot2x + 4 = 0 can be written as (cot2x — a)* = 0,
where « is a constant to be found.

ii Write down the value of tan2x, and hence solve the equation cot>2x — 4cot2x = —4
in the interval 0 < x < &, giving your answers to 2 decimal places. (4 marks)

a Given 4cot?2x + 12cosec2x + 9 = 0, show that sin2x = —% (4 marks)

b Hence solve 4cot’2x + 12cosec2x + 9 = 0 in the interval 0 = x < 360°, giving your answers
to 1 decimal place. (3 marks)

Solve 5 + 2cot?a = 7(1 + coseca), where a = 2x + Z, in the interval 0 < x < 2.

Give your answers to 2 decimal places. (7 marks)

(\[OTRSTALTEE — Exam question bank Q3, Q6, Q15, Q21, Q42, Q58
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Trigonometry and modelling 7

m Addition formulae

a By substituting x =90° - 4 and y =
expansion of sin(x + y), show that
cos(A — B)=cosAcos B +sinAsin B

B into the

b By substituting x = 4 and y = —B into the
expansion of cos(x — y), show that
cos(A + B) =cos Acos B — sin Asin B

Write sin (x - %) in the form asinx + bcos.x,

where ¢ and b are constants to be found.

b Write cos (x - %) in the form pcos.x + ¢gsinx,

where p and ¢ are constants to be found.

) 7 tanx + m
¢ Write tan (x + 3) in the form T—hifaa <

where m1 is a constant to be found.

m sin(90° — x) = cosx and

€os(90° — x) =sinx

cos(—y) = cosy and sin(—y) = —siny
« Year 1, Section 9.6

m The addition formulae for sin,

cos and tan are given in the formulae
booklet:

sin(4 + B) =sinA cos B +cos AsinB
cos(A + B)=cosAcosBFsinAsinB

_ tanA +tanB
ECEE 1¥tanA tanB

3 Express each of the following as a single trigonometric function:

tan70 — tan 360
4 1+tan70tan30

m Match each expansion to

b cos (30—"'55)(305 (M) —sin (M)sin (@) the correct addition formula and

3 3 3
N2 .. o N2
C TSIHA—TCOS,\
4 E eos(x"9): t ft dt
Xpress Sln(). +}} 1mn terms o an .x an any

Use the addition formulae to write:

® s

a %(cosx —3sinx) in the form cos (x + 6), where 0 < 6 <

b %(\ﬁ sinx — cos x) in the form sin (x + @), where 0 < 9 < L

1
V3

E) = cos x, show that tanx =

@ :

Given that sin (r +

'? Showthat2sin(x+%)+2$in(x+&) =(1-+3)sinx + (1 -v3) cosx.

@2 using the angle addition formulae

1 Without using your calculator find the exact value of:

a SIH—COS— it C()S£Sll'l]—r

12 4 12 4 = =
tanﬁ+tan§

b c0s96°cos51° +sin96°sin 51°

r
1—tan18tan9

write the resulting expression as
simply as possible.

(3 marks)
r
2
2
(3 marks)
(4 marks)

@ Use the addition

formulae in reverse and your
knowledge of exact values of
trigonometric ratios.
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EP) 6

&P 7

a Use the formula for sin(A4 + B) to show that : r . .
. o V2 m For part a, write 135° as 90° + 45°.
sin135° = -5
b Use the formula for cos(4 — B) to show that cos 15° = V6 +v2 I 2

¢ Use the formula for tan(4 + B) to show that tan75° =2 + 3

. 3 . 8
Given that cos 4 = £ and sin B = 75, where 4 and B
5 17 m You can find the values of sin A and
are both acute angles, calculate the exact value of: cos B using sin?x + cos’x = 1

a cos(A + B) b tan(4 - B)
¢ cosec(A + B)

Given that cos A4 = %, and that A is acute, find the exact value of:

I_ b in(Z—
a cos(6 A) b tan(3+A) c sm(2 A)
Given that sin4 = %, where A is obtuse and cos B = —1—53, where B is reflex, calculate the exact
value of’
a sin(4 + B) b tan(A4 - B) ¢ sec(A+ B)

_T\ u s

a Express tan A 6) in terms of tan 4 and tan 6 (2 marks)
b Hence show that tan% =2-13. (2 marks)
a Use sin(x + o) =sinx cos o + cos x sin & to show that sin 105° = w (4 marks)
b Hence, or otherwise, show that cosec 105° = V6 -2 (3 marks)

m Double-angle formulae

1

50

Write each of the following expressions
: 7 bl mSiHZAEZSinACOSA
as a single trigonometric ratio.

M 0524 =c0s2A —sin2A=2c0s?A—1=1-2sin4
a 2sin3 cosx b 4cos*7° -2

37773 = _2tand
anzd= 1-tan’4
1 —tan*13.5°
2tanl3.5°
Write each of the following in terms of a single trigonometric function.
: sin26
a 6sin50cos50 b tan6(1 + cos26) e W

Given that sinA4 = 15—3

a tan2A4 b cos2A4
¢ cosec2A4

and that A is obtuse, find the exact value of:

m A is in the second quadrant, so only sin 4 will
be positive.



Trigonometry and modelling

® 4 Eliminate 6 from the following pairs of equations and express y in terms of x.
a x=15sin0, y=2-10cos28
b x=co0s26, y=4sect

5 a Show that cos*x — sin*x = cos 2x. (2 marks)

b Hence find the exact value of cos* % —sin* % (2 marks)

6 Given that a =2sinx, b =2cosx, ¢ =cos2x and d = tan2x,

a express ¢ in terms of « (2 marks)
b show that d = bzsza3 (3 marks)
7 Giventhat t <8< % find the value of sing when cos 0 = % (4 marks)

m Solving trigonometric equations

1 Solve in the interval 0 < x =< 27, giving

. m Use the addition formulae to expand and
your answers to 1 decimal place:

simplify the left-hand side of each equation.

; T i
& sin (x B §) +4sinx =0 Then write an equation in tan x and solve.
b cos (%+x) = sinx

AN AT
¢ cos(x+4) +sm(x+ 4) =5
2 Solve in the interval 0 = 8 = 180°, giving
your answers to 1 decimal place where
necessary:

m Start by using the double-angle formulae
to write the terms involving 20 in terms of 6.

a |l +cos20="Tcos?0-1
b sin26=%sin9

¢ tanfBtan28=3

3 a Show that cos (x—%)zl(\@cosx+sinx).

b Hence solve the equation V3 cosx + sinx = 1 ™1
in the interval 0 < x < 2r, giving your m For part b, solve cos (x B 3) =2

answers in terms of .

Show that sin (x — 45°) = cosx can be written as tanx = a + Vb, where ¢ and b are real
constants to be found. (3 marks)

g

b Hence, or otherwise, solve sin(x — 45°) = cos x in the interval 0 = x = 360°, giving your
answers to 1 decimal place. (3 marks)

o1
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a Show that 2 sin (x - %) = sin (x - %) can be written in the form V3 sinx - 2 cosx = 0.
(3 marks)
b Hence solve 2 sin (x - jﬁ—r) =sin (x + %) in the interval -1 < x = .
Give your answers to 2 decimal places. (3 marks)
a Given that tan2x — tanx = 0, show that tanx + tan®x = 0. (3 marks)
b Hence solve tan2x = tanx in the interval 0 = x = 2z Give your answers in terms of 7.
(3 marks)
a Express 2sin?x — cos2x — cosx = () in the form acos®x + cosx — b =0. (3 marks)
b Hence solve the equation 2sin’x — cos2x — cosx = 0 in the interval -7 < x < 7.
Give your answers to 2 decimal places when they are not exact. (4 marks)
Solve the equation cos®x — 2sin’x — sin2x = 1 in the interval -7 < x < 7.
Give your answers to 2 decimal places when they are not exact. (6 marks)

m Simplifying acos x + bsinx

Unless otherwise stated, give all angles to 1 decimal place and write non-integer values of R in

surd form.
1 Find the value of R, R > 0, and the value of m Expand the right-hand side and equate
tan o, given that: the coefficients of sin @ and cos 6 to obtain two
a 20sin 8+ 21 cos = Rsin(6+ @) equations in R and . Divide the equations to
eliminate R and find the value of tan .
b V3cos6-V5sin@ = Rcos(6+ ) Square and add the equations to eliminate o
¢ 2sin@-3cos@= Rsin(6- ) and find the value of R.
2 Find the value of R, R > 0, and o, where 0 < a < 90°, given that:
a 2sinf+cosO= Rcos(0—
( ) m Use the tan~! function on your calculator
b 12cos6 - 5sinf= Rcos(6+ ) to find the value of « in each case.
¢ 4sin6@—-2cosf= Rsin(6- o)
3 a i ExpressV3sin6-cos@in the form m The graph of y = R sin (68— ) is the
Rsin(6-qa),where R> 0,0 < a < % graph of y = sinx stretched by scale factor R
ii Hence sketch the graph of in the ve&tical direction, and translated by the
y=3sin@-cos 6 in the interval 0 < 6 < 2. e (0)
b i Express2cos®—\12sin@in the form Rcos(6+ @), where R > 0,0 < a <X

2
ii Hence sketch the graph of y = 2cos8—V12sin @ in the interval 0 < 6 < 2.

r
2
ii Hence sketch the graph of y = 2sin 8+ 2cos 6 in the interval 0 < 6 < 2r.

i Express 2sin 0+ 2cos@in the form Rsin(6+ o), where R > 0,0 < o <
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(E/P)4 h(0)=2sin+4cos O

a Given that h(8) = Rsin(6 + &), where R > 0 and 0 < o < 90°, find the exact value of R and

the value of o to 2 decimal places. (3 marks)

b Hence solve 2sin 6 + 4 cos 8 = 3, for 0 = 0 = 360°, giving your answers to 1 decimal place.
(3 marks)

5 a Express 3cos26 + 2sin26 in the form Rcos(20 — o), where R > 0and 0 < o < 5—1', giving

the value of o to 3 decimal places. (3 marks)
b Hence solve 3cos26 + 2sin28 = 1, for -z < 6 < x, giving your answers to 2 decimal places.
(5 marks)
¢ Given that k is a constant and the equation 3cos26 + 2sin26 = k has no solutions, state the
range of possible values of k. (2 marks)

6 a Express 8sin6— 15cos 6 in the form R sin(6 — o), where R and «a are constants, R > 0 and
< g< % Give the value of o to 2 decimal places. (3 marks)

10

&0 =331 8sin@—15c0s6
b i Find the maximum value of g(6).

ii Find the value of 0, in the interval 0 = 0 = 2, at which this maximum value occurs,
giving your answer to 2 decimal places. (3 marks)

¢ i Find the minimum value of g(6).

ii Find the value of 6, for 0 = 0 = 2, at which this minimum value occurs, giving your

answer to 2 decimal places. (3 marks)

7 a Show that that 2sin (x - %t) — (3 = 2)sin x can be written as 2sin x — cos x. (3 marks)
b Solve 2sin (.x - %’) ~(3-2)sinx= % in the interval -7 = x =< 2z Give your answers to

2 decimal places. (4 marks)

¢ Find the maximum value of (2 sin (x - %r) =B sinxj4 (2 marks)

m Proving trigonometric identities
1 Prove the following identities.

g SIN2x-—tanx _ -, m Use the double-angle formulae.

tan x
For part b, write 4 = 36.
sin 68 . s
L5 . For part ¢, write the left-hand side in terms of
b 1—00569_00t39 P

sinx and cos x. Dividing the numerator and

1 1 . denominator by a common term might be helpful.
¢ zsecxtan2x=3sec2xsinx
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Prove the following identities.

a cos(x —30°) —cos(x +30°)=sinx

sin(a+b) coth+cota
sin(a - b) ~ coth —cota

Prove the following identities.
a 2sin(39+%r) =sin30+ V3 cos 36
b cos34=4cos’4—-3cosA

¢ cot2x+tanx =cosec2x

Prove that V3 cosx — sinx = 2cos(x + 30°).

sin 2x

a Prove that T+cosTx = AN
sin %
b Hence find the value of o
1+ cosT

Prove that 25in(29—%) =22 sinOcos -2 + 22 sin26.

a Prove that cos*x = sin*x = cos2x.

¢ cot (%— 9)

m Use the addition formulae.

cos 0 + sin 8
cos@—sin @

@ For part b, write cos3A4 as cos (24 + A).

(4 marks)

(3 marks)

(2 marks)

(4 marks)

(3 marks)

b Hence, or otherwise, given that x is acute and tan x = % find the value of cos2x. (2 marks)

m Modelling with trigonometric functions

1 Georgia performs somersaults in the air while trampolining. Georgia’s height above the
trampoline, i metres, at time ¢ seconds after she begins performing somersaults can be
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modelled by the equation
h=0.3-0.3cos(2401)°

a State the maximum height Georgia
reaches above the trampoline.

b State the time it takes Georgia to reach
this maximum height for the first time.

¢ Given that Georgia performs one
somersault every time she jumps, find
according to the model, how many
somersaults she will complete in 30
seconds.

m For part a, cos 6 has a maximum value of
1 and a minimum value of —1. So the maximum
value of /4 occurs when cos (2401)° = —1.

m For part ¢, start by using the period of curve
to find out how long it takes to complete one

somersault.

d Criticise the model with respect to Georgia’s path through the air.
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2 The depth of water beneath a toy boat floating in a stream can be modelled by the equation
d=40.5+2.5sin (1)
where dcm is the depth of the water and ¢ is time in seconds.
a Calculate the depth of water beneath the boat after 3 seconds.

b Find the maximum depth of water beneath the

boat according to this model. @ For part b, use the maximum value

of the sine function to find the maximum
¢ Calculate the times that the depth of water depth of water.
reaches this maximum in the first 5 seconds.

d A larger toy boat needs a minimum depth of 40 cm of water to be able to float properly.
State whether the water in the stream is deep enough.

3 Charlotte’s blood pressure can be modelled by the function
P =105 + 255in (450¢)°

where P is blood pressure in mm Hg and 7 is time in seconds.

a Write down Charlotte’s maximum blood pressure. This is known as systolic pressure.
b Write down Charlotte’s minimum blood pressure. This is known as diastolic pressure.
¢ Calculate Charlotte’s blood pressure after 4 seconds.

d Find the times that Charlotte’s blood
pressure is 110mm Hg during the first 2 seconds.
Give your answers in seconds to 2 decimal places.

4 A toy company records the average daily Sa
sales of a new toy during its first year of

production. It models the data with the
equation

S=6-3sin(0.5/+3),0<¢<12

m There are six different times in part d.

where S is the number of toys sold in 0123456 7 8 9101112 1
thousands, and ¢ is time in months after
1 January 2018.

The graph shows sales over the year.

a Write down the maximum number of recorded sales, and state in which month this
occurred. (2 marks)

The employees of the company are paid a bonus in any month during which the daily sales
average exceeds 8500 on any day.

b State the months in which a bonus was paid. (4 marks)
¢ Calculate the average daily sales on the final day in December. (2 marks)

d Tom says that the model predicts that sales will increase during the first few months of 2019.
State whether you think he is correct. (1 mark)
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5 a Express ﬂcos B—ﬂsinﬁ in the form Rcos(6+ o)°, where R > 0 and 0 < o < 90°.
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2 2
(4 marks)
b i Find the minimum value of > \l_cos g-232 \F ==sin 6.
ii Find the value of 8 for 0 < 6 < 360° at whlch the minimum occurs. (3 marks)

The height of water at the entrance to a harbour over a period of 24 hours can be modelled by
the equation

h=9— icos. (301) + ism(SOr)

where /1, metres, is the height of the water and 7 is the number of hours after midnight.

¢ Write down the maximum height of water over the 24 hours, and the first time
that this occurs. (3 marks)

d Write down the minimum height of water over the 24 hours, and the final time
this occurs.

(3 marks)
e Find:
i the first time after which the water rises above 9 metres
ii the first time after which the water falls below 9 metres. (4 marks)

a Express 0.2cosx + 0.35sin x in the form Rcos(x — o), where R >0and0 < o< Z
Give o to 1 decimal place. (4 marks)

The temperature of an electric heater can be modelled by the equation
T=30+0.2cos2m + 0.35sin2m

where 7 is the temperature in Celsius and m is the time in minutes after the heater reaches the
required temperature. All angles are measured in radians,

b Calculate the temperature of the heater I minute after it has reached the required
temperature. (2 marks)

¢ Find the difference between the maximum and minimum temperatures of the heater after it
has reached the required temperature. (2 marks)

d Calculate the times during the first 8 minutes, after the heater has reached the required
temperature, when it reaches maximum temperature. (4 marks)

a Express 132sinx — 72cos x in the form Rsin(x — &), where R>0and 0 < ¢ < Z
Give o to 1 decimal place. (4 marks)

The share price of a company during the first year after it is floated on the stock exchange can
be modelled by the equation

P =200+ 1325in (0.8¢) — 72cos(0.8¢)

where P is the share price in pence and ¢ is the time in months since the company was floated
(assuming it was floated on the 1st of January). All terms in ¢ are measured in radians.



Trigonometry and modelling

b Write down the maximum share price and the month in which this first occurred. (3 marks)

¢ Write down the month in which the shares were at their lowest price, and find the lowest
share price. (3 marks)

d State during which month the share price fell below 100p. (2 marks)

Luke purchased 2000 shares in the company at its flotation price, and sold them at the end of
12 months.

e Find the profit or loss made by Luke. Give your answer to 2 significant figures. (2 marks)

Problem solving RBSIS#:

Bronze

ar



The graph shows a curve that models daylight
hours on any day of the year in a particular (180, 16)

city.
The model has the equation

y=a+bsin(x-c¢)° 84
where y is the number of daylight hours,

and x is the number of days after 1 January,
and a, b and ¢ are real constants,

Y
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There are a minimum of 8 daylight hours at
the start of the year, rising to a maximum of 16 daylight hours on day 180.
a Find a, b and ¢ and write the equation of the model. (4 marks)
b Describe two transformations that could be made to the curve with equation y = sinx to

obtain the curve given in the model. (2 marks)
¢ Find the number of days in the year which experience more than 14 hours of sunshine.

(2 marks)

The height of a car on a big wheel is modelled by the equation

h=a+bcos(ct-d)°
where / is the height of the car above ground in metres, f is time after the ride starts, in
seconds, and a, b, ¢ and d are real constants.
The initial height of the car is 2m, and the maximum height reached on the ride is 22m,
which occurs 90 seconds after the start of the ride. The car completes four full revolutions,
and the ride ends with the car in its initial position after 12 minutes.
a Find the values of «, b, ¢ and d and hence write the equation of the curve. (5 marks)

The fairground operator decides to increase the speed of the wheel so that it completes five
full revolutions in 12 minutes.

b Amend the model to reflect this change. (2 marks)

Revathi says that the length of time the car is more than 20 m above the ground will be the
same for both models.

¢ Determine whether Revathi is correct. (2 marks)
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Problem solving JBTE4-

Bronze

a Express 12sin2x — 5cos2x in the form Rsin(2x — o), with R>0and 0 < o < ’2—r
Give the value of a in radians to 3 decimal places. (4 marks)

b Show that 12 — 3cosec2x = S5cot2x can be written as 12sin2x — Scos2x =k, where kis a
positive constant to be determined. (2 marks)

¢ Hence solve 12 — 3cosec2x = Scot2x in the interval 0 =< x =< 27 giving your answers
to 1 decimal place. (4 marks)

a Express 7cos?x — 3sin?x — 8sin.x cos x in the form a cos2x — b sin2x + ¢,
where @, b and ¢ are constants to be found. (3 marks)

b Solve the equation 7cos?x — 3sin’x — 8sinx cosx = 4 in the interval 0 < x < 2z. Give your
answers to 2 decimal places. (4 marks)

¢ i Show that 10cos® x — 8sin.xcosx can be written in the form acos2x — bsin2x + &,
stating the values of a, b, and k.

ii Hence deduce the exact maximum value of 10cos® x — 8sinxcos x. (4 marks)

15

a Express 5 sindx — 4 cos4x — 4 cos 2x — 4 in the form cos 2x(a sin2x — bcos2x — ¢),

where a, b and ¢ are constants to be found. (3 marks)
Hence or otherwise:
b solve 12—Ssin 4x = 4(cos4x + cos2x + 1) in the interval 0 = x = &, giving your answers

to 2 decimal places (4 marks)

o 1
¢ deduce the local minimum of e fooar = ool (4 marks)

\[OTRGTAL TS — Exam question bank Q11, Q17, Q40, Q50, Q59, Q71, Q83
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8 Parametric equations

m Parametric equations

60

For each of the following parametric equations, m A Cartesian equation in two
find a Cartesian equation, giving your answer in

dimensions involves the variables x and y
the form y = f(x). In each case find the domain

only. Rearrange one parametric equation
and range of f(x). into the form 7 = ..., and then substitute

ax=t-3,y=t-1,-3<t=<3 into the other equation to eliminate .

bx=2,y=r+1,>0

c x=2!—1,y=%,r31

For each of the following parametric curves, find @ To find the domain of f(x), consider the
a Cartesian equation, giving your answer in the range of values of x for the given domain of 7

form y = f(x). In each case find the domain and To find the range of f(x), consider the range of

range of f(x). values of y for the given domain of 7.
1
+3’

bx=In@+16,y=0"+10t+251> -3

=In(t+2),y= t>-1
c x=e¥,y=e¥+2e* 1R
For each of these parametric curves:
i find a Cartesian equation for the curve in the form y = f(x)
ii find the domain and range of f(x)
iii sketch the curve within the given domain of .
ax=04+1,y=20+7,0<t<16 b x=2t+1,y=42+14t+12,-3<(<0
=In(2-9,y=5-1,t <1
The parametric equations x =3z, y = (1 = #)(9 - 1), 0 = t = 8 define a curve A.

a Find the Cartesian equation of the curve in the form y = f(x), and state the domain
and range of f(x). (3 marks)

b Sketch the curve 4, clearly showing the coordinates of any points of intersection with the
axes, turning points or endpoints. (3 marks)

A curve C is defined by the parametric equations x =In(7 + 5), y =2t + 12, 1 = -4,
a Find the Cartesian equation of the curve in the form y = f(x). (2 marks)
b Write down the minimum value of x and the minimum value of y. (2 marks)

A curve M has parametric equations x = e*, y =e” —2e® - 5¢* + 6, t € R.

a Show that the Cartesian equation of M can be written in the form
y=(x+a)(x—->b)(x—c), x =0, where a, b, and ¢ are integers to be determined. (4 marks)

b Hence write down the coordinates of the points where curve M meets each axis. (3 marks)
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7 The curves C, and C, are defined parametrically as follows:
C:ix=52%y=3r+2,0<t=<2
Corx=3Wt-3,y=9-5Nr,0sr<4
a Show that the curves are line segments which are perpendicular to each other. (3 marks)

b Find the exact length of each line segment. (2 marks)

8 The curve C has parametric equations x =4¢%, y =8¢, -1 =t = 1.

Find a Cartesian equation of C in the form y* = f(x). (4 marks)

m Using trigonometric identities

1 Find the Cartesian equations of the curves

in< 2 f =
given by the following parametric equations: m G e

to give the equations in the form y = f(x).
a x=sint-1, y=cost+3,0<t<2r + Year 1, Section 10.3

b.x=2sing s deosh 0 s B

¢ x=2+2cost, y=5+2sint, 0 <t <2rx

2 Find the Cartesian equations of the curves @
cos2t=1—2sin’*¢

; : : : + Section 7.3
given by the following parametric equations: i

1+ tan“t=sec + Section 6.4

a x=sint, y=cos2t, 0 <t <2rm sin2t=2sint cost + Section 7.3

b x=4sect, y=2tant, 0<t<2rm
GL.=mHil Pt O=sre 2%

3 For each of these parametric curves:
i find a Cartesian equation in the form y = f(x)

ii sketch the curve within the given domain of +.
a x=sint+3,y=cost—4,0<¢<2xw

) m (x —a)? + (y — b)? = r?is the equation
b x="-, y=4cosec’t-8,0<r<m of a circle with centre (g, ) and radius r

¢ x=10sin¢z, y= %coseczt, = <% +— Year 1, Section 6.2

® 4 A curve C has parametric equations
x=6cost+ 5, y=6sint-2,0=t=k
When k = 2m, Cis a circle.

a Write a Cartesian equation for the circle, and hence state its radius and the coordinates of
its centre.

b Write down a value of & such that C is a semicircle.
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EP)6

EP)7

A curve C has parametric equations

x=dsec’ U,y =2eot? 2,0 < = b

a Find a Cartesian equation of the :urve, expressing y in terms of x. (5 marks)
b State the range of possible values of x for the given domain of z. (1 mark)
Show that the curve with parametric equations x = 2sint, y = cos (z o+ ’3—1':) —‘72—1' s %_,

can be written in the form y = %(m —\3x), -k < x < k, where k is a real constant to be
found. (6 marks)

A curve has parametric equations
x=cot?t+3,y=3cost,0 < t<%
a Find the Cartesian equation of the curve in the form y = f(x). (4 marks)

b Find the domain and range of y = f(x) in the given domain of r. (2 marks)

m Curve sketching

1
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A curve is given by the parametric equations @ For each value of ¢, substitute into

x=2t+2,y=12,-2=<t=<3 the parametric equations to find the

di l f dy.
Copy and complete the table and draw a graph of COMESPONEINg values oF x and y

the curve.

t -2 |-15| -1 |-05] O 0.5 1 155 2 2.5 3
x=2t+2 | -2 | -1 2

p=it 4 | 225 0.25

A curve 1s given by the parametric equations @ Make sure you plot x against y. Do not
x=3sint,y=5cost,0<t<2m plot any values of .

Copy and complete the table and draw a graph of the curve for 0 = ¢ < 27.

n Sm | 3m | Im | 5o

n Sz | 3m
! 0 4| T | 3| 2| 4

4
x =3sint 0 2:12

y=Scost | 5 |3.54

S1E

By using a table of values, or otherwise, sketch the curves given by these parametric equations:
ax=2y=4,-2st<?2
b x=3cosect,y=3cott,0=t=<2nm

c x=t+5,y=%,0$t5’:8



Parametric equations

® 4

The curves C,, C, and C, are defined parametrically as follows:
Cix=26y=25-40551523
CZ:xz%,yz%,%&:ts; 1
C,.x=2t+1,y=12-6t,1<t<2

a Find Cartesian equations of C|, C, and C; in the form y = f(x).

b On the same set of coordinate axes, sketch C|, C, and C, on their given domains.

¢ Find the area of the shape enclosed by C,, C, and C,.
The curve C is defined by the parametric equations
x=t+2,y==5t-1,-5=t=1

a Find a Cartesian equation of C in the form y = (a — x)(x + b), where @ and b are integers to
be found. (4 marks)

b Sketch the curve C on the given domain of ¢. (3 marks)

The curve C is defined by the parametric equations

x=10cost+3,y=10sint -2, -Z<¢<Z

2 2
a Find a Cartesian equation of C in the form (x + a)* + (y + b)? = ¢, stating the values of a, b
and c. (4 marks)
b Sketch the curve C on the appropriate domain. (3 marks)
¢ Find the exact length of the curve C. (3 marks)

m Points of intersection

1

Find the coordinates of the point(s) where the @ Substitute y = 0 or x = 0 into the

following curves meet the x-axis and the y-axis. parametric equations to find the value(s)

ax=t-3,y=t+4,eR of # when the curve crosses the x-axis
and the y-axis respectively. Then find the

b x=3ty=3t+2)(r-1),eR : .
corresponding coordinates.

c x=22-2,y=r-41,eR

Find the coordinates of the point(s) where the following curves meet the x-axis and the y-axis.

a x=sir12:.‘+l,y=2tar12f,—(‘31—1"'5p‘éf:r

b x=2f,y=cost,-T<I=7 ) ; i
The curve in part b intersects the x-axis

c x=e'—-3,y=e¥-2,t>0 twice within the given domain of .

63



64

The line L is defined parametrically by m Substitute the expressions for x and

x=t+l,y=t+3,teR ¥ in the parametric equations for L into
The circle C has equation x2+ y? + 6x —4 = 0. the equation for C, then solve the resulting
a Find the values of 7 at the points of lc:quatdratlc equation to find two possible values
or ¢.

intersection of L and C.

b Hence find the coordinates of these points.

a A curve has parametric equations x = p(1 + 2¢), y = p(1 — 21)*, t € R where p is a constant.
The curve passes through the point (6, 0). Find the value of p.

b A curve has parametric equations x = gt = 2q, y = g(t — 1)(¢ = 3)*, t > 1, where g is a
constant. The curve passes through the point (%,O). Find the value of 4.

A curve C has parametric equations x =e*, y =4e' -4, t eR.

a Find the values of ¢ where the line y = x — 1 crosses the curve C. (3 marks)

b Hence determine the coordinates of the points where the line y = x — 1 intersects
the curve C. (2 marks)

A curve Cis defined by the parametric equations

X =cost, y=2sin2s+ l,%<r<%
a Determine the coordinates of the points where the line y = 1 crosses the curve C. (5 marks)
b Show that the curve cuts the x-axis where 7 = %f and t = % (3 marks)

¢ Hence determine the exact coordinates of the points where the curve cuts the x-axis. (2 marks)

A curve C has parametric equations x = 4sinz,y = 8cost, 0 < t < 2.

The points P and Q lie on C where ¢ = %r and t = 32—7': respectively.

Find an equation of the straight line through P and Q, giving your answer in the form
ay+bx+c¢=0. (5 marks)

A curve has parametric equations x = In(t+2),y=In(t—1), ¢ > 1.

a Show that the line y = 2x — In 18 crosses the curve at the points where t = a + h3,
where a and b are integers to be found. (4 marks)

b Hence determine the exact coordinates of the points where the line y = 2x — In 18 intersects
the curve. (3 marks)



Parametric equations

m Modelling with parametric equations

® 1

A ski lift lifts a skier from ground level to an elevation of 450 m.
The position of the skier at time 7 seconds is modelled by the parametric equations

x=36im,y=2Ttm

where x is the distance travelled horizontally and y is the distance travelled vertically.
a Find the time taken to travel to the top of the ski lift.
b Show that the motion of the skier is a straight line.

¢ Hence find the total distance travelled by the skier in travelling from ground level to the top
of the ski lift.

d Determine the speed of the ski lift.

e Criticise the model in relation to: i the path of the skier  ii the speed of the ski lift.

Adam’s position as he travels down a water slide at time ¢ can be modelled by the parametric
equations x =8¢, y = 16 — 7.6t — cos 8¢, 0 < t < k, where x is the horizontal distance travelled
(in metres) and y is Adam’s vertical height above ground level (in metres).

a Find Adam’s initial height above ground level.
b Find Adam’s vertical height above ground level after % seconds.

¢ State the horizontal distance that Adam has travelled after % seconds.

A ball is kicked from the ground with an initial speed of 18 ms™' at an angle of 45°.
Its position after ¢ seconds can be described using the parametric equations
x=9V2rm, y=(-kt*+ 9\50 m, where k is a constant

a Given that ball travels a horizontal distance of 33 m before hitting the ground, find the time
of flight of the ball.

b Hence find the value of k.

¢ Show that the path of the ball is modelled by a quadratic curve.

The path of a kangaroo as it jumps can be modelled by the parametric equations

x=56tm,y=-49£+2.1tm

where x is the horizontal distance from the point the kangaroo jumps off the ground, y is the
height above the ground and ¢ is the time in seconds after the kangaroo has started its jump.

a Find the time the kangaroo takes to complete a single jump.
b Find the horizontal distance the kangaroo travels during a single jump.

¢ The kangaroo jumps over a log that is 20cm high. Find the range of the distances from the
log that the kangaroo must jump from in order to clear it.
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The cross-section of a vase design is given by the parametric equations Pa

x = (187 = 32sins)em, y = (8 — 16cosf)cm, —g << g

a Find the width of the opening of the vase. (3 marks)

b The vase is filled with water up to the level of the x-axis. Find

the radius of the vase at the surface of the water. (3 marks) ) X
¢ Given that the cross-section of the vase crosses the y-axis at its
deepest point, find the depth of the water in the vase.
a

(3 marks)

Particle A is moving in the xy-plane such that its position ¥y
relative to a fixed origin O at time ¢ seconds is given by the
parametric equations

x=—32_6r+5,y=t—2,r30

r+1 /

The diagram shows the path of the particle. ON

=Y

[ ——

Particle B is moving in the xy-plane such that its position
relative to the same fixed origin O at time ¢ seconds is given by the parametric equations

x=t+5,y=5-2,t=0
a Show that the path of particle B is a straight line. (2 marks)
Both particles are at (5, —2) when 7 = 0.

b Find the exact coordinates of the other point where the paths of the particles
intersect. (3 marks)

Adam states that the particles will collide at this point.

¢ State whether you agree with Adam’s statement, giving a reason for your answer. (2 marks)

A walker travels around one loop of a path in a park. The position VA
of the walker relative to the entrance of the park, O, at time
¢t minutes, is modelled using the parametric equations

x = 400cos (5(¢ - §)). = 400sin* £ - 200sin £, 1= 0

5
where x and y are measured in metres, and the positive y-axis
is the north direction. /
R ) et
a Find the distance of the walker from the park entrance at 0 *
the beginning of his motion. (3 marks)
b Find the distances of the walker from the park entrance at the times when he is due north
of the park entrance. (4 marks)
¢ Determine how long it takes the walker to complete one loop of the path to the nearest
minute. (3 marks)



Parametric equations

8 The diagram shows the profile of a hill modelled by the y
parametric equations x = > + 16¢, y = 20sin¢, 0 < ¢t < k, where x
represents the distance in metres measured horizontally from a
fixed point, and y represents the height above sea level in metres.

0 >
a Find the height of the hill. (3 marks) l &

b Find the value of k and hence find the average gradient of the descent away from the
highest point. (4 marks)

Problem solving RIS #A

Bronze

A curve C has parametric equations Vi A
¥= 0smy p=Semir 0 =7 s-z%
a i Show that y = xcost.

ii Hence show that a Cartesian equation of C can be written
as 100()? = x?) + x* = 0. (4 marks) O *
The point A lies on C at the point where ¢ = %

The line with equation y = x + k, where k is a constant, intersects the curve at point A4.
b Find:

i the coordinates of point A
ii the exact value of k. (4 marks)

A curve C has parametric equations YA
= o = n i 2
X% ﬁsmr,y 4cos(r+ 3), O0==it=2xn
a Show that all points on C satisfy (3x + y)* +3x* -4 =0. (5 marks) P
T

A straight line / passes through the points 4 and B on curve C where ¢ = 6 >

and ¢ = % respectively.

b i Show that the gradient of line /is —6. B

ii Hence find the equation for line / in the form ax + by + ¢ =0. (4 marks)
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A curve C has parametric equations y
3n A

b ¢
a Show that all points on C satisfy y* = x3‘(1 - %x), A

x=2+42cost,y=2sint+sin2t,0 <=t <

a = x =< b, stating the exact values of ¢ and b. (6 marks) O] X
The line with equation x + y = p, where p is a constant, is a tangent to C at point 4, where ¢ = %
b Find the value of p. (2 marks)

¢ Given that the line x + y = ¢ intersects curve C at least once, find the exact range of
possible values of ¢, writing your answer in set notation. (2 marks)

Problem solving ESIS4:]

Bronze

The motion of a football as it is kicked is modelled using the parametric equations
x=7.6t y=-49£+ 16.3t
where xm is the horizontal distance travelled and ym is the height of the ball above the
ground after ¢ seconds.
a Find the two values of x for which the football is exactly 10m above the ground. (4 marks)

b Show that the path of the ball is a parabola and work out the maximum height of the ball
above the ground. (5 marks)

68

The motion of a dancer relative to a fixed origin O
at time 7 minutes is modelled using the parametric
equations

P
x:16sin4z,y=32cos(8r—%”),:;0 %

where x and y are measured in metres.

a Find the distance of the dancer from the origin at

time i — 1 (2 marks)

b Find the coordinates of the point where the dancer intersects his own path. (4 marks)

¢ Determine how long it takes the dancer to complete one complete figure-of-eight
motion. (4 marks)



Parametric equations

A particle is moving in the xy-plane such that its position after time y,
t seconds relative to a fixed origin O is given by the parametric
equations

x=:2—7§+10

y=tint i =10
The diagram shows the path of the particle.

The particle crosses the y-axis at points 4 and B, and the x-axis at B
point C as shown on the diagram.

a Find the area of triangle ABC, giving your answer in the form
Ink where k is a rational number to be found. (5 marks)

b Given that the line with equation x = k intersects the curve exactly once, determine the
value of k. (3 marks)

(\[OTR{STALTES — Exam question bank Q10, Q31, Q34, Q36, Q45, Q48, Q54, Q72
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9 Differentiation

m Differentiating sinx and cosx

1

® s

(E/P) 6
EP) 7
EP) 8

o Y
Find —— given that:
a y=6sinx b y=—3sin%x c y:%sinSx |fy=smkx,thena=kcoskx

= v _ s
| Ify-coskx,thenag- k sinkx

d y=cosdx e y=>5cosbx fy=-5cos7x

Find f'(x) given that: m Differentiate each term separately.
a f(x) =4sinx - 3cosx
b f(x)= %sian +4cosx — 6sin%x

_c.a_4 1 _8 1
¢ f(x)_SxQ—F—Gsm?x d f(x)_ﬁ+ 3cosgx
f(x) = 5sinx — 3cos x. Find the x-coordinates of the
stationary points on the curve with equation y = f(x)

in the interval —180° = x = 180°.

f(x) = x — cos 2x. Find th ti f the t t
()=~ 0n s m. e;qulra RIS EIRCANESD m First differentiate to find the
to the curve at the point (Z» Z)- gradient, m. Then find the equation of

the tangent using the equation
y=n=mx-x)
+ Year 1, Section 12.6

m Stationary points occur when the
gradient is equal to zero.

f(x) = 6sinx — 3cos 2x
Find the stationary points of the curve y = f(x) in the
interval 0 < x < 2. (6 marks)

g(x) = 6sin2x — 4 cos2x. Find the equation of the normal to the curve with equation y = g(x)

at the point (m, -4). (5 marks)
h(x) =3sinx —4cosx + %xz. Show that the equation of the tangent to the curve with equation
y = h(x) at the point with x-coordinate % is8y—-(32+4m x=24- 16— > (6 marks)
Prove from first principles that the derivative of cosx is —sinx. (5 marks)

m Differentiating exponentials and logarithms

1

70

Differentiate: @ e dy _ e
a 6e ¥ b 5e* - Te > dx

7 (L-exp
s d —=—
Find f'(x) given that: m i then O 1
a f(x) = In2x b f(x)=Inx? AT R

First expand the expression using laws

¢ f(x)=In (%) d f(x) =In(4x?) of logarithms.  « Year 1, Section 14.5



EP) 6

(E/P) 7

EP) 8

Find 7 given that:

dx
ay=3*

cr= (3

Find the equation of the tangent to the curve y = 4* at the point with x-coordinat 1

Given f(x) = e™ + 2Inx?, find f'(x).

A curve has equation y = 3e* -
x-coordinate 1 isx + (3e - 2)y —

Differentiation

@ If y = a*~, where k is a real constant
and a > 0, then —3—; =asieing

2

(3 marks)

Inx?. Show that the equation of the normal at the point with
9%et+6e—-1=0.

(6 marks)

f(x) = 4* + 4. Show that the equation of the of the tangent to the curve with equation y = f(x)

at the point with x-coordinate % isy=

f(x) = 9% + 3%

(ln8)x+——

Ling. (6 marks)

a Demonstrate, clearly showing all your steps, that f(xx) can be written in the form a( 3**)

where ¢ and k are constants to be found.

b Hence, or otherwise, show that f'(x) = (4In3)(36+1)

m The chain rule

Find 9 for each of the following:

dx
a y=(4-3x)
¢ y=[5+2x%)*
_ 6
V4 — 5x
=3 + 2x*
Differentiate:
a y=sin’x
c y i ecosd.\'

e y=In(cosx)

f(x) = (3 = In6x)?

a Find f'(x).

b y=(6+5x)
d y=(743x9)"
_ 1

d Y= 6—x
Tx*—4

b y=lnx*

d y=(lnx)’

f y=sin(e™)

b Evaluate f’(%) .

(2 marks)
(3 marks)

 Hint ORI S
If y = (f(x))”, then — (FOeN™F ().

@ You can use the chain rule to

differentiate a funcnon of a function.

If y = f(g(x)), then o fgla)g (x).

7



EP s

(E77) 6
&P 7

EP) s
EP) 9

: d ;
Find the value of —J; at the point (6, 3) on the m First find _ddi

curve with equation 2y? - 4y = x, Then lise the fact that B2 = 1°

dx
A curve has equation y = (2x — 3)°. Find the <
equation of the normal to the curve at the point P
with x-coordinate 2. (5 marks)
flx)= 6= )3 ,x # 6. Find the tangent to the curve with equation y = f(x) at the point P with
x-coordinate 4. Give your answer in the form ax + by + ¢ = 0. (7 marks)

f(x) = 3sin’ x — 2cos? x. Show that the equation of the tangent to the curve with equation

y = f(x) at the point Q with x-coordinate —%ﬂ is 12y = 30V3x - 257V3 + 9 = 0. (6 marks)
The curve C has equation x = —2sin4y. Show that the equation of the normal to C at the
point 4 with y-coordinate % isdx+y+ 43 - 3 =0. (6 marks)

Find the equation of the tangent to the curve with equation y = 2" at the point with
coordinates (—1, 2). Give your answer in the form ax + by + ¢ = 0, where a, b and ¢ are exact
values to be found. (6 marks)

m The product rule

72

dy
Find —— for each of the following:
dx mlfy uv, then y ud? 4 pdu

a y=x(4-5x) b y=3x32x-1)° dx " dx
where 1 and v are functlons of x.

¢y = d y=8x'(2x’-4)~
Find f'(x) given that:
X . m If f(x) = g(x) h(x) then
a f(x)y=x‘cos2x b f(x)=esin5x Fx) =g )h'(x) + h(x)g/(x)

¢ )= 2x" 3} d f(x)=-3cos4xsin2x
e f(x)=x’lnx f f(x) =e*In(cos3x)

Find the value of d—J; at the point (1, 4) on the m d
curve with equation y = 4x3(1 — 2x2)4, el

Differentiate with respect to x:
a (x*=3xY)e™ b (4cos2x —sinx)e™ ¢ (x2 - Scos%x) Indx
Differentiate with respect to x:

a e“cos3x (2 marks)

b x*In(sinx) (2 marks)



EP) 6

(E/P) 7

EP)8

Differentiation

a A curve C has equation y = 2x*(2 — 5x?)?. Show that & Sa (228 lax> bt e);
dx

where n, a, b and ¢ are constants to be found. (4 marks)
b Hence find the exact x-coordinates of the stationary points of C. (4 marks)
The curve C has equation f(x) = e*'sin.x.
a Show that the turning points of C occur when tanx = —% (3 marks)
b Show that the equation of the normal to C at the point where x = % is

X +4de?"y — 4eiT - % = (3 marks)
A curve has equation y = (x — m)sin2x. Show that the equation of the tangent to the curve at
the point with x-coordinate % iSx+y=m (6 marks)

m The quotient rule

1

Find f'(x) given that:
g(x)
a f(x)= —‘2‘3‘ 3 b f(x) =72 @D - 83 e
5 oo = h(x)g’(x) g()h'(x)
_AKE Tx2—9x - (h(x))?
¢ f(xX)=55—"5 d f(x) ===
=Gy Y= e
. dy w
Find O for each of the following: m ) Jdu_dv
il e 4x? b p=X=€” If y =X then dy d—xv.z_ﬂ‘.where
cos‘_2x lnx_‘_ u and v are functions of x.
¢ y=—S dyZS_—e-
cOs X sind.x
: . - B e s gl F
Find the gradient of the curve with equation y = e at the point (2, 3)
The curve C has equation y = 388—76,1

a Find g} b Find the equation of the normal to C at (], - %)

Given y = si:ix , find % (4 marks)
Differentiate po 4_‘ 5) with respect to x. (4 marks)
The curve C has equation x = co;?y . Find the equation of the tangent to the curve at the
point where y = % in the form ax+ by + ¢ =0. (6 marks)

The diagram shows part of the graph with equation

y = f(x), where f(x) = %jx

a Show that at the stationary points A, B, C and D,

either cosx =0 or tanx = —% (4 marks)

b Hence, or otherwise, find the x-coordinates of the
points A, B, C and D, giving your answers in radians
to 2 decimal places. (2 marks) 73
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m Differentiating trigonometric functions

1

T4

L dy
Fmdaglven.

a y=tandx

¢ y=cot’x

> Gdp o
Flndaglven.

a y=cosechx

4
¢ y=(cosecx)?

Find f'(x) when f(x) is:

a x’tan3x
¢ In(cosec?x)

sec?x
Inx

Given that x = sin2y,

dx .
a find 7 in terms of y.

b y=7cot2x

d y=-3tan?x

b y=—-4sec5x
d y=-2sec’4x

SCCX
c

x2+1
d e *cotdx

(4x - 1)3
k=
cot-x

b Hence find ﬂ in terms of x.

dx

dy

I = k ' h _k

If y = cot kx, then o —k cosec?kx

dx

@ If y = coseckx, then
dy _ —k coseckx cotkx
dx

If y = sec kx, then g—; = k seckx tankx

m Use the product rule or quotient rule
in addition to the chain rule and standard
rules for differentiating trigonometric
functions.

m Use the identity sin® A4 + cos? A=1to
write cos2y in terms of x.
« Year 1, Section 10.3

Show that if y = cosecx, then qy = Tcosecx cotx; (5 marks)
f(x) = In(cot2x)
a Show that f'(x) = —4cosec4x. (5 marks)
b Find the equation of the normal to the curve y = f(x) at the point with x-coordinate %
(3 marks)

The diagram shows part of the curve y = f(x), where N
f'(x) e eu:m%.\'
Point A is the y-intercept of y = f(x). The tangent P
and normal to the curve y = f(x) at 4 intersect the
x-axis at the points B and C respectively. y = f(x)
Find the area of triangle ABC. (8 marks) 2

B ol C \ X
Given that x = sec4y,
a find g—; in terms of y. (2 marks)
b Hence find 9y in terms of x. (4 marks)

dx



Differentiation

m Parametric differentiation

1

Find sy for each of the following, leaving your

dx . @ If x and p are given as functions of a
answers in terms of the parameter ¢.

dy

a x=4r-1,y=20 parameter, £, then d—y g—
I)J¢.’=%,y=4—r2 dr
e T
d x=4sinz,y =5tant e x=4e*-1,y=2e'+4 f x=2p= 1 ps]Ing
A curve C has parametric equations x = tan¢, y = sec/. Find:

dy .
a —— in terms of the parameter ¢

dx @ Substitute t = mto the original

b the equation of the tangent to the curve at the

point P, where t = %

A curve C has parametric equations x = 1 — %, y = ¢* + 2¢*. Find:

equations to find the coordinates of P.

dy .
a % in terms of the parameter 7

b the equation of the normal to the curve at the point P, where ¢ = -3.
Give your answer in the form ax + by + ¢ = 0, where a, b and ¢ are constants to be found.

A curve C has parametric equations m dy

x=1-c0820,y=4sin26,0 < 6 < & Find: Solve P 0 to find the values of
d 0 at the points with zero gradient, then

a < in terms of the parameter 0

: B substitute into the original parametric

dx
. . ) ) equations to find the coordinates.
b the coordinates of the points with zero gradient

on the curve C.

The curve C has parametric equations x = 2sec8, y =4cos’0, -t <0< .

a Find an expression for % in terms of the parameter 6. (4 marks)
b Find an equation of the normal to the curve at the point where 0= % (4 marks)
The curve C has parametric equations x = (1 —2)*, y =1+ 4,1 eR.

The line / is a tangent to C and is parallel to the line with equation y = 2x - 9.

Find the equation of /. (6 marks)
The curve C has parametric equations x = —2sec2¢, y = 2cot?, —% =0= %

a Find an expression for % in terms of the parameter 7. (4 marks)

The point A with coordinates (-4, —2V3) lies on the curve C. The line / is tangent to C at A.

b Show that an equation for /is xV3 + 3y + 103 = 0. (4 marks)

5



EP) 8

The curve C has parametric equations x = i i S _Il_ 3 -1<r<l.

The line / is normal to C at the point where 7 = —=

a Find an equation for the line /. (6 marks)

b Show that a Cartesian equation for the curve Cis y = %, % —% (4 marks)

m Implicit differentiation

1

76

By writing « = )° and using the chain rule
’ m du _du _d
show that -4 (%) = 5+ 57 b
dx Yy
Show that di(.ﬁyz) =2x"y g—y +3x%y? m
% 4 Use the product rule and the fact
that d (y Y=ny ! y
. dy.
Find dx terms of x and y where: @
X When you differentiate implicitly, your
4 k p—
W= y=3 expression forg—i:i will usually involve both
b 3x2+4y?-5x%y=2 x and y.
Sy-
o
Joe -7
d 4ln(x-5) -In(p?)=0 e cosx +sin‘y=1 f xev+ye-7=0
The curve C is described by the equation
x*—4xiy+y*=21
% Eind g} m For part b, substituctiex=2andy=—1
into your expression for £

b Evaluate d—J; at the point (2, -1). dx

¢ Find an equation of the tangent to C at the point (2, —-1).

Find the gradient of the curve with equation 3x? — y* — 5xy = 1 at the point (2, 1). (5 marks)

Given that e™” — e™ = 4xy, find % in terms of x and y. (5 marks)

The curve C satisfies cos 2x + sin2y = 1, where —i—r = e % and0 <y < %

a Find an expression for % (3 marks)

b Find an equation of the tangent to C at the point P with x-coordinate _E‘ giving your
answer in the form ax + by + ¢ = 0, where a, b and ¢ are constants to be found. (5 marks)

A curve C is described by the equation 4x* + p*+ 6x -8y — 10=0.
Find an equation of the normal to C at the point (1, 8), giving your answer in the form
ax + by + ¢ = 0, where a, b and ¢ are constants to be found. (7 marks)



Differentiation

m Using second derivatives
1

@) 7

(@DE:

i(x) =e*coslx

: . _ p @ To find f'(x), differentiate f (x).
a Find f'(x). b Find f (x).

f(x) = 8x7 + 3e**

: M m The function f(x) is convex on the
a Find f'(x).

interval [a, b] if and only if f(x) = 0 for
b Hence show that f(x) is a convex function for every value of x in that interval.
all real values of x.

f(x) =cos2x, —% =x =

a Find f'(x). m The function f(x) is concave on the
interval [a, b] if and only if f"(x) < O for
every value of x in that interval.

(ST

b Find the range of values for which f(x) is
concave.

ix) =2 —
a Find £'(x) and £ (x). @ A point of inflection is a point at which

b Show that f"(x) =0 at x = % and x = % f"(x) changes sign. To find the point of
inflection, solve f"(x) = 0, then check that

0 l . . . .

& Show thaf x =it Eomt of 1nﬂfct10n L f'(x) has different signs on either side of

dt-emonstra}tmg that £ (0.1) and £(0.2) have that point.

different signs.
Find the interval on which the function f(x) = x* — 8x? + 6x — 2 is convex. (4 marks)
fxy=x20—5)°
a Find f'(x) and f"(x). (4 marks)
b Show that f(x) has a point of inflection at x = 1. (3 marks)
The curve C has equation y = f(x) where f(x) = sm 4x ,0=x=< %
Determine the range of values for which f(x) is convex. Give your answer to 2 decimal places
where necessary. (6 marks)

f(x) = x’e*. Find the exact range of values for which the curve C with equation y = f(x) is
concave. (6 marks)

@ Rates of change

dx _2

Given that S = 6x? and that £
3:‘
ds dr m You can use the chain rule to connect
a find == s rates of change in situations involving two
dS_dS, dx
P - (31?* . —— or more variables. Here == Tim T dt

771
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Given that y = x cos4x and that dx _ 3, find 9y when x = 5F

dr d¢ 1
dr ~ dr

The volume of a sphere V' cm? is related to its @
radius by the formula V' = 2753, SRR BVl S el

Given that y = i—:\ and that 9X = —%, find 2 when x = 4.

3 cannot treat it as a constant when you
a Find v differentiate J with respect to ¢. You need
b Gi d; h £ ch £ the radiug ; to use the chain rule:
wven that the rate ot change of the radius in
y e . dV_dV , dr
cms™ is given by d—}; =3, find T de dr dt

At any given time, the rate of population growth in a small town is modelled as being
proportional to the current population, P.

a Write a differential equation to describe this model. (1 mark)

b Explain how this model could be adapted if the population is declining at a rate
proportional to its size. (1 mark)

At time ¢ years after monitoring began, the area covered by Arctic ice is / km?.

The rate of decay of ice coverage is directly proportional to the square root of the existing
area covered. Write down a differential equation in terms of /and . (2 marks)

The value, V'in £s, of a car ¢ years after it is purchased is modelled by the equation
V'=23500e0> =0
a Find the value of the car 7 years after it was purchased. (1 mark)

b Find the rate of change of value of the car after 10 years. (3 marks)

The volume, V'cm?, of a sphere is given by }' = %nﬂ and the surface area, Scm?, of a sphere is
given by S =4nr.

=1 &
a Show that V'= 6\!_:rS (2 marks)
The surface area of the sphere is expanding at a constant rate of 4cms™'.
AV, .5
b Show that dar = \7 (2 marks)



Problem solving B4

Bronze

The curve C has equation y = x* - 20 3 4 14x2 + 6x - 4.
dy d?y :
a Find a and w

b Show that the curve C is concave in the interval [1, %] .

The curve C has equation y = 4x*Inx?, x > 0.

Show that the curve C is convex when x = ¢ .

Differentiation

(3 marks)
(3 marks)

(6 marks)

f(x) = ax* + 2x* + 3x? — 10x + 5. Given that f(x) is convex for all real values of x, find the range

of possible values of a.

Problem solving B-1E4:

The curve Cis described by x>+ y=(2-x)(y—1).

b Find the equation of the normal to C at the point with x-coordinate 0.

Circle C has parametric equations
x=2sint-1,y=2cost+3,0<t<2nm
The line /, is normal to C at the point B, which lies on the y-axis.

a Find the Cartesian equation of the circle, clearly stating the
centre and radius. (3 marks)

b Show clearly that B has coordinates (0, 3 +3). (2 marks)
The line /, intersects the x-axis at the point 4.
¢ Find the area of triangle AOB. (7 marks)

Va

(6 marks)

(4 marks)
(4 marks)

=y
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The diagram shows the curve C given by the equation i

cosy+sinx=1,0£xs:r,—’27£ys%

Find the equations of the tangents to the curve that are parallel
to the line y = x. You must show clear algebraic working.

acceptable. (9 marks)

b
Solutions based on graphical or numerical approaches are not 0 ©
C

(TRGAL TS — Exam question bank Q4, Q7, Q28, Q39, Q43, Q52, Q67, Q77

=y



Numerical methods 10

@ Locating roots

1 The diagram shows a sketch of the curve y = f(x), where f(x) = 2x* — 4x> —= 2x + 2.

yi y= Al @ If the function f(x) is continuous on the
interval [a, b] and f(a) and f(b) have opposite
signs, then f(x) has at least one root, x, which
satisfiesa < x < b.

a Explain how the graph shows that f(x) has a root between x = -1 and x = 0.
b Calculate:
I 122 ii £(2.3)
¢ Explain how your answer to part b shows that f(x) has a root between x = 2.2 and x = 2.3.

2 Show that each of these functions has at least one root in the given interval.

1
a f(x)=4-5x+2x°, -12<x<-1.1
. _ m Evaluate f(x) at the endpoints of the
b f(x)=x*Inx-2e*+4,0.6 <x<0.7 given interval and show that f(x) changes sign

¢ f(x)=3x3+%,—l.ll<x<—].10 in that interval.
d f(x)=9+3x-TVX,2.37 < x < 2.38

3 a On the same set of axes, sketch the graphs of y =Inxand y = —(x + 1)* + 6.

b Explain why the function —
f(x) = Inx + (x + 1)’ — 6 has only one root. m Hlipssn e B
Inx=—-(x+1)°+6.

¢ Show that the function
f(x) =Inx + (x + 1)* — 6 has a root between x = 1.3 and x = 1.4.

BB I % 7% ;
4 f(x) = cos®. — ¢, where x is in radians. m A stationary point occurs where the
a Find f’(x)_ gradient is zero, so look for a sign change in
the gradient. +« Year 1, Section 12.9

b Show that there is a stationary point, o, of

y = f(x) in the interval [3.1, 3.2]. :
LY To determine a root to a given degree of

¢ By considering a change in sign of f(x) in accuracy you need to show it lies within the
a suitable interval, verify that o= 3.143 to range of values that all round to the given
3 decimal places. value. Here consider f'(3.1425) and f'(3.1435).
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g(x) = %x3 — 2cos x, where x is in radians.

a Show that g(x) has a root, ¢, in the interval 1.1 < x < 1.2, (2 marks)
b By considering a change of sign of g(x) in a suitable interval, verify

that o = 1.165 correct to 3 decimal places. (3 marks)
a On the same set of axes, sketch the graphs of y = (x +2)°— 1 and y = 2*. (2 marks)

b With reference to your sketch explain why f(x) = 2%+ 1 — (x + 2)? has three roots. (2 marks)

¢ Show that the function f(x) = 2* + 1 — (x + 2)? has a root in the interval —-0.8 < x < -0.7.
(3 marks)

2 —
6—-3x

a Calculate f(1.9) and f(2.1). (2 marks)

f(x) = 4
b Explain why the equation f(x) = 0 does not have a root in the interval 1.9 < x < 2.1. (2 marks)

The equation f(x) = 0 has a single root a.

¢ Use algebra to find the exact value of a. (2 marks)

a On the same set of axes, sketch the graphs of y = %sin 2xand y =Inx. (2 marks)
b With reference to your sketch explain why h(x) = sin2x — 4In x has only one root. (2 marks)

¢ Show that the function h(x) = sin2x — 4In x has a root in the interval [1.18, 1.19]. (3 marks)

@ Iteration

1

82

f(x)=x*-8x+3

Show that f(x) = 0 can be written as:

3
a x=\8x -3 b x=8-%x%#0 m Rearrange X2 — 8x +3 =0
X243 to obtain each answer.
C.x= g

flx)=x?—4x-2

a Show that f(x) = 0 can be written as x = V4x + 2. @ T e
b Use the iterative formula x, =+4x +2,x,=5, to find, find the values of x, x,, x, and

to 3 decimal places, the values of x, x,, x, and x,. x, efficiently.

h(x)=-x*+3x" -1
a Show that h(x) = 0 can be written as:
i x=A2-1 i x= |

b Use the iterative formula x = \3’ 3x*=1,x,= 1, to find, to 3 decimal places, the values of

1 L
5 e s N and X




Numerical methods

¢ Use the iterative formula Moo i - T % = 1, to find, to 3 decimal places, the values of
X axs and Xy

120y

d Use your answers to parts b and ¢ to explain why there could be more than one solution to
the equation h(x) = 0.

2

flxy=2smx —%x

a Show that the equation f(x) = 0 can be written as x = V4sin x. (2 marks)
b Let x, = 1.5. Use the iterative formula x = \4sin x to find, to 3 decimal places, the values

of x; X and %, (3 marks)

This root of f(x) is .
¢ By considering the change of sign of f(x) in a suitable interval, prove that ot = 1.934

to 3 decimal places. (3 marks)
The diagram shows a sketch of the curve y = f(x), V4
where f(x) = x° - 5x2 + 2. y=1(x)

The x-coordinates of the points 4 and C are also solutions to
the equation x* —x — 1 =0.

a Find the exact coordinates of the points 4 and C. (3 marks)

. . Ao B\ |C X
b Show that the equation f(x) = 0 can be written as
5
ol \' % (2 marks)
_ ) Xl

¢ Let x,=0.5. Use the iterative formula x = 5

to find, to 3 decimal places, the values of x,, x, and x,. (3 marks)
The root of f(x) at point B is c.
d By considering a suitable interval, prove that ot = 0.651 to 3 decimal places. (3 marks)
f(x) = e +1x2 - 10
a Show that there is a root ¢ of f(x) in the interval [-1.9, —1.8]. (2 marks)
b Show that the equation f(x) = 0 can be written as x = ln(lO - %xz) -4 (2 marks)
¢ Let x,=-3. Use the iterative formula x__, =1In (10 - %xf) — 4 to find, to 3 decimal places,

the values of X, x,and x,. (3 marks)
d By considering a suitable interval, prove that or = —1.8954 to 4 decimal places. (3 marks)
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7 The diagram shows the part of the graph of y = f(x) where
f(x) = xsin?x. The curve touches the x-axis at 4 and B and
has a turning point at P.

a Verify that the coordinates of 4 and B are (0, 0) and
(., 0) respectively. (1 mark)

b Find f'(x). (3 marks)

¢ Show that the x-coordinate of P lies in the

interval [1.8, 1.9]. (2 marks)

d Show that the x-coordinate of P is the solution to the

equation x = arccos(_szlﬂ) (2 marks)

—-ginx
e Use the iterative formula X .= arccos( 3y z

n

and x,, giving your answers to 3 decimal places.

8 The diagram shows part of the curve with equation
1
Y=x+1

The curve intersects the line y = x at the point where x = 0.

(2 marks)

a Show that a lies in the interval [%, 1].

In an effort to find a better approximation to o, a student
uses the iterative formula

o1 = X% +1
n

b Use the graph, together with x, = 2, to explain whether
the iteration will converge or diverge. (2 marks)

@ The Newton-Raphson method

1 f(x)=x*-6x+7

a Show that the equation f(x) = 0 has a root, o, in the interval [1.5, 1.6].

b Calculate f'(1.6).

yll

y = f(x)

(0]

)}

=y

B

), x, = 1.8 to calculate the values of XXy

(3 marks)

x+1

-2
tah i

f(l1.6
¢ Work out the value of 1.6 — 219) , giving your answer correct to 6 decimal places.

£(1.6)
d Use algebra to find the exact values of the roots of f(x).

e Comment on the accuracy of your answer from part c.
2 f(x)=x*-3x+x+1

a Show that the equation f(x) = 0 has a root & in the
interval 1.2 < a¢ < 1.3.

m The Newton—Raphson

formula is S e

84

b Using x, = 1.3 as a first approximation to o, apply the Newton—Raphson procedure once to
f(x) to find a second approximation to o, giving your answer to 3 decimal places.
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Numerical methods

The diagram shows part of the curve y = f(x). VA

The x-coordinates of which points would not be valid as a
first approximation when applying the Newton—Raphson D
0 /\J

method to find the roots of f(x) =0? /\

m If any value, x,, in the Newton—Raphson 1 C \JG >
E

method is at a turning point, the method will

fail because f'{xl.) =0 and the formula would 4 d

result in division by zero, which is not valid.
f(x) =4cos’x —e™
a Show that the equation f(x) = 0 has a root o in the interval [1.3, 1.4]. (1 mark)
b Find f'(x). (2 marks)

¢ Using x, = 1.3 as a first approximation to o, apply the Newton—Raphson procedure once to
f(x) to find a second approximation to o, giving your answer to 3 decimal places. (3 marks)

fx) = e+ + %x - %xf
a Show that the equation f(x) = 0 has a root & in the interval [3.4, 3.5]. (1 mark)

b Using x, = 3.5 as a first approximation to o, apply the Newton—Raphson procedure once to
f(x) to find a second approximation to ¢, giving your answer to 3 decimal places. (4 marks)

¢ By considering the change of sign of f(x) over an appropriate interval, show that your

answer to part b is correct to 3 decimal places. (2 marks)
f(x) = @ - %lnx
a Show that f(x) = 0 has a root o in the interval 1.2 < o < 1.3. (2 marks)
b Find f'(x). (2 marks)

¢ Taking 1.3 as a first approximation to ¢, apply the Newton—Raphson procedure once to f(x)
to obtain a second approximation for ¢, giving your answer to 3 decimal places. (3 marks)

4
fix)=x——+5 Vi
S P

The diagram shows part of the curve with equation
y= f(.’{). /\

The coordinates of the point P are (p, g). / 0 =

a Find the value of p and explain clearly why x, = p is not
suitable to use as a first approximation when applying y = f(x)
the Newton—Raphson method. (3 marks)

b Show that f(x) = 0 has a root o in the interval [0.8, 0.9]. (1 mark)
f(x) = 0 also has a root B in the interval [-5, —4].

¢ Taking x = -5 as a first approximation, apply the Newton—Raphson process once to f(x) to
obtain a second approximation to . Give your answer to 3 decimal places. (4 marks)

85



@ Applications to modelling
1

86

The future world ranking position of a tennis player during a calendar year can be modelled

by the function

y A
W(x) = —gox* + 1500 = T2+ 17x +40, 0 < x < 12 y
where x is the number of months since the y = wix)
beginning of the year.

The diagram shows the graph with equation
¥y = w(x). The graph has a local maximum at A4 B
and local minimum at B.

a Find w'(x).

b Show that the player reaches a minimum ranking
between 8.3 and 8.4 months after the beginning of the year.

S
[
.
N
oo
S
=

=y

¢ Show that the turning points of the graph

correspond to the equation m The turning points occur when w'(x) =0

50 rearrange your answer from part a.

v= (L v+ 14 - 17)

Letx,=83and x = \I%(%AS +14x - 1?)

d Find the values of x, x,, x, and x,, giving your answers to 3 decimal places.

22773

A boomerang is thrown from a point on level ground.  y4
The height in metres of the boomerang above the
ground ¢ seconds after it is thrown can be modelled by y=h()
the function

t?

h(f) = SOSin(3—), (=0

The diagram shows the sketch of y = h(7).

1
a Show that the boomerang lands between 10 and
11 seconds after it is thrown. (1 mark)

b Find h'(). (2 marks)

¢ Taking 10.5 as a first approximation, apply the Newton—Raphson process once to h(¢) to
obtain a second approximation for the time when the boomerang lands. Give your answer
to 2 decimal places. (3 marks)

d By considering the change of sign of h'(f) in a suitable interval, verify that the boomerang
reaches its greatest height 7.52 seconds after it is thrown, correct to 2 decimal places.
(2 marks)
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Numerical methods

The trading price, £p, of a stock during a Y44
8-hour trading window can be modelled by the B =
function

O O . . ;
p(,x)_3cos(3) +7o0 + 1.29.0=x=38

The diagram shows a sketch of y = p(x).

a State the price of the stock, to the nearest
penny, when trading begins. (1 mark)

b Find p'(x). (2 marks)

¢ Show that the price of the stock reaches a minimum at point B between 5 and 5.5 hours
after trading opens. (2 marks)

d Show that the x-coordinate of B is the solution to the equation x = %Osin(%) . (2 marks)

6y
e Use the iterative formula x| = %sin(f), 0 = x = 8, with x, = 5.3, to calculate the values
of x,, x, and x,, giving your answers to 3 decimal places. (3 marks)

The value of a mobile phone, ¢ years after purchase, is modelled by the function

v(t) =450e* =40 cost, 1> 0
a Show that v(7) has a root in the interval [5, 6]. (1 mark)

b Find v'(7). (2 marks)

¢ Taking 5 as a first approximation, apply the Newton—Raphson process once to v(f) to
obtain a second approximation for the time when the value of the mobile phone is zero.

Give your answer to 2 decimal places. (3 marks)
d Criticise this model with respect to the value of the phone as it gets older. (1 mark)
The height of a bungee jumper above the ground can be ha

modelled by the equation 4 = 40cost + 50 - 4,0 <1< 6 90 -
where ¢ seconds is the time since the person jumped and 4

is the height, in metres, above the ground. The bungee

jump is considered to be safe if the jumper does not get

closer than 10m to the ground.

a Show that, some time between 2 and 3 seconds after the

person jumps, the bungee jumper is exactly 10m from j {IS =

B =40cost + 50 — 4F°

the ground. (2 marks)
b Comment on whether the jump is safe according to this model. (1 mark)
¢ Show that the equation 40cost + 50 — 4f§ = 10 can be written as
2
L= al'cc(_)s(m3 4640) (2 marks)

2
4¢3 — 40
d Using #, = 2.5, and the iterative formula ¢ _, = arccos ("4—0) find, to 5 decimal places,

the values of ¢, ¢,, 7, and ¢,. (3 marks)
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Problem solving ESIS#A

= %cos (x?) - %x +1
a Show that there is a root & of f(x) = 0 in the interval [1, 1.5]. (2 marks)
b Show that the equation f(x) = 0 can be written as x = 1/arccos (x — 2) (2 marks)

¢ Let x, = 1.5. Use the iterative formula x__, = \}arccos (x —2) to find, to 3 decimal places,
the values of x,, x, and x.. (3 marks)

The diagram shows part of the curve with equation V4
1
y =3cos (gx)
The curve meets the line y = x at a single point, x = a.
a Show that o is in the interval [2, 3]. (2 marks)
A student uses the iterative formula x =3 cos(%xﬂ) in
an attempt to find an approximation for o.
b Using the graph and starting with x, = 3, explain why
the iteration will converge to c. (2 marks)

¢ Find x, x, and x,, giving your answers to 3 decimal

places. (2 marks)

The diagram shows part of the curve with equation V)
y=(x-De

The curve meets the line y = x at a two points, x = & and

x =, where @ < 0and 8 > 0.

a Show that Bis in the interval 1 < < 2. (2 marks) : 0—1 3

A student uses the iterative formula x , = (x, - 1)e™
in an attempt to find an approximation for f.

b Using the graph, describe what will happen for the following starting values.
i x,= % i x,=2 (4 marks)
¢ By choosing a suitable interval, show that & = —0.806 correct to 3 decimal places. (2 marks)
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Bronze

Problem solving RBS1S4:

f(x) = —2x + 35" -2
a Show that there is a root o of f(x) = 0 in the interval [1.1, 1.2]. (2 marks)

b Taking x, = 1.2 as a first approximation to &, apply the Newton—Raphson process once to
f(x) to obtain a second approximation to o. Give your answer to 2 decimal places. (2 marks)

¢ By considering a change of sign of f(x) in a suitable interval, verify that your answer to
part b is correct to 2 decimal places. (2 marks)

f(x) = e~*sin (x?)
a Show that there is a root o of f(x) = 0 in the interval 1.5 < o < 2. (2 marks)

b Taking x = 1.75 as a first approximation to ¢, apply the Newton—Raphson process once to
f(x) to obtain a second approximation to a. Give your answer to 3 decimal places. (2 marks)

¢ By considering a change of sign of f(x) in a suitable interval, show that your answer to

part b is correct to 3 decimal places. (2 marks)
The diagram shows the curve with equation y = f(x), y4 P
where f(x) = 12xe2* - 1.
The point P, with coordinates (p, ¢), is a stationary point y=f(x)

on the curve. The equation f(x) = 0 has a root « in the

interval | < ¢ < 2.

a Find the coordinates of the point P, leaving your
answer in terms of e where necessary. (B marks) O I 1 \ X

b Explain why x, = p is not suitable to use as a first
approximation if using the Newton—Raphson process to find an approximation for ¢. (1 mark)

¢ Taking x, = 1.5 as a first approximation to ¢, apply the Newton—-Raphson process once to
f(x) to obtain a second approximation to o. Give your answer to 2 decimal places. (2 marks)

\[OTRGTAL TS — Exam question bank Q2, Q12, Q18, Q22, Q29, Q37
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11 Integration

m Integrating standard functions

1 Integrate the following with respect to x. @ Use the following standard integrals
a e'+2sinx b 4cosx — % to help:
_ xn+1
c%—2e-" d{f+%sinx }x"dx-n+l+c
I . 6 | e*dx=e"+¢
2 el NN, e
e llx +5e° - f 3cosx T Ildx_|n|x|+c
>dx =
Jsinxdx =—Ccosx+cC
_[cosxdx =sinx +¢
2 Find the following integrals. ) m Use the following standard integrals
a J : 13 dx b J.& dx to help:
sin” x COS~ X
J’cosr 4 Jseczxdx=tanx+ (¢
e b d I 2 dx
sm-z ccEn;s-x Icosecxcotx dx = —cosecx + ¢
COS X
£ Jl —coszxdx f cosix—1 dx _[coseczxdx=—cotx+c
Isecxtanxdx =secx+c¢
3 Find the following integrals. , m Simplify each expression so it forms
a _[secx(secx + tanx) dx b I?x x_ > dx one or more standard integral.

c _[coseczx(Se-"sinzx -5)dx d J.X‘—J:Cc + 1 5

4 Evaluate the following. Give your answers as exact values.

In20 s o
% 1 -3x" . 3(gin x 2
a I]ns e"dx b L ~ —dx c I(l(coszx+4e)dx
d J§se03x(4 —cosxtanx)dx e J.]nﬁ(e-" + el‘) dx
1] In2
9
: x(1 +x) : .
® 5 Find the exact value of = dx, leaving your answer in the form a + In b, where ¢ and b
are rational numbers. "' (4 marks)
P
6 I T dx =In81, where p is a real constant.
3
Find the value of p. (4 marks)
® 7 Find the exact value of J-i sec?x(cot?x — 3e*cos?x — 1) dx (5 marks)
6
8 Given that a is a real constant, and that
[ 23 dx=m1000
show that ¢ = In k, where k is a constant to be found. (5 marks)
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Integration

@ Integrating f(ax + b)

1 a Differentiate:

i (4x-5)" i (3-2x)
b Find:
J-16(4x _ 5Pdx i I(4x — 5 dx m Integraftlon is "che.' reverse
process of differentiation, so use
iii I(_ 12(3 - ZA:)S)dx iv Jz(g, —9xPdx your answers to part a to help.
2 Integrate the following with respect to x. m In general
a 6e™ b cos(3x +2) _[f’(ax +b)dx = zlff{ax +b+c
¢ (4x+1) d cosec 4xcotdx
e sec’(8x—1) f cosec(l — 5x)
g 5> h 1let
3 Find the following integrals. @ First simplify each expression
J( " 1 ~ (4x-3) ) dx and then apply the integration
(4x - 3)? rule in question 2 to each term
b J‘sec2 33{(585-"0052 3x - 2) dx separately.
xn 1Y 5 — 3cos2x
& I(e . el") s ) sin?2x ¥
4 Find the exact value of: m Integrate each expression
J' b 4 A and then apply the limits to
% evaluate the integral.
g
b I _cosec?2x(1 — cos2x) dx
1
in
£ 1

Ind
¢ J (e —4)>dx dx
0

sz sin*(27 - x)
5 Given that a is a positive constant and f (2x + 1)*dx =117, find the value of a. (4 marks)
1

6 I P d*c =In25, where k is a real constant.
Find the value of k. (4 marks)

In#

@ 7 Find the exact value of I (e* +2)*dx, giving your answer in the form p + Ing, where p and ¢

In2
are integers. (4 marks)

8 Given that J

£

72—:(:05 kxdx = T(l @ where k is a real constant, find the value of k.
(5 marks)

A

91



@ Using trigonometric identities

1 Integrate the following with respect to x. m Use a trigonometric identity to
a sin’x b 3cotix transform each expression into a sum of
5 sin?x standard integrals. + Sections 6.4, 7.3
¢ (1+cosx) d ==
COs*x
2 Flmi the exact value of: @ In part a, use cos2A4 =1 - 2sin?A4
J‘4 cos2x T together with the standard result for
2y : .
g S integrating cosec? x. +— Section 7.3

3
4 .

b JE (sinx — cosecx)?dx
3

2m B bid

5(l = cosx)’ [

3de d r(secx —tanx)>dx
0

T sin’x
3 a Using the addition formula, expand: @ A B = A BShAThE
i cos(5x+ QX) ii cos (5X - 2x) cos(A — B)=cosA cosB +sin4 sinB
b By adding parts a i and a ii together, show that +— Section 7.1

cos7x + cos3x =2cosSxcos2x

¢ Use your answer to part b to find I4 cos Sxcos2x dx.

(E/P) 4 Show that Iicoijd}; = % - % (4 marks)
6
5 Show that IZ tan’2xdx = g - 1—?5 (5 marks)
12
(E/P) 6 a By considering sin(6x + x) and sin(6x - x), or otherwise, show that
sin 7x + sin Sx = 2sin 6xcos x (3 marks)
b Hence find I3 sin 6xcos x dx. (3 marks)

@ Reverse chain rule

1 a Differentiate:

i(x2-4) i (x2+4x-5)
b Find:
m Integration is the reverse process of
; n; 1 T 2 3 .
. J-6x(" —4)dx n Ile(x -4 dx differentiation, so use your answers to part a

to help.
i [-8(x +2)(x2 + dx - 5P dx

2 Find the following integrals. @ To integrate an expression in the form

1 ' cosly
a Jﬁx (x*=7)2dx b IS sin2xe*** dx ka'{x) (foo)n dx, try differentiating (foo)7+1,
e J(ze +8)(4x* + 16x — 5)% dx then adjust for a constant if necessary.
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d J‘seczx\fl +tanxdx e Icosec%xe““”-"dx f Icos“stiHSxdx

3 Find the following integrals. @ To integrate an expression in the
4x d b J' sin x _ o
P 4 - 3cos x form Jk oo dx, try differentiating [n [f(x)],
. [ 62— 9 " ] J'sin 2y " then adjust for a constant if necessary.
J14 4+ 9x - 2x" cos’x
% $IN X COS X e ¥
e |4 cos2x I Tremdx
4 Fin(i the exact value of: @ Decide carefully whether each
a J‘ e — b J“-’sec 3xtan3x dac ex;?ression is in the form &f'cx) (Foo)” or
. sec?3x foo
In3 6 Iy f{x) FEl
¢ I 3-"—+1dx Then integrate and apply the limits to
n2& evaluate each integrand.
d I ;cosec JRent vy
5 Evaluate J-i(l +cotx)cosec? xdx, leaving your answer in the form a + b3 . (5 marks)
6
6 a Show that sin’ x =sinx — 2sin xcos*x + sin xcos*x (3 marks)
b Hence find Jsinsxdx. (3 marks)
® 7 Evaluate I (x + 1) V2x2 + 4x dx, leaving your answer in the form k3. (3 marks)
® 8 Find the exact value of I sin4x (e*>*) dx. (4 marks)
. % gec’x . T .
® 9 Find the exact value of J mdx, leaving your answer as a simplified fraction.
: (5 marks)
k
10 Given that I vcf— 3 dx=thi % and k > 0, find the exact value of k. (4 marks)
|

@ Integration by substitution

1 Complete the following steps to find J-Zx(x + 2)4 dx using integration by substitution.
du
a Givenu=x+2, ﬁnda
b Given u = x + 2, write 2x in terms of u.
¢ Use your answers to parts a and b to show that I}lx (x+2)'dx = I2(u -2)u*du.
d Show that [2(u=2)u* du=1us —4us + ¢

e Use the substitution in part a to write your answer in part d in terms of x.




2

&) 4
(E/P) 5

® 6

EP)7

EP) s

Use the given substitution to find: m
Use

to replace dx with an

a Ix(x -8)*dx;u=x-8 expression mvolvmg du. Then write the
integrand in terms of u and integrate.
b Isinxcos ¥(1+cosx)’ dx;u=1+cosx Remember to use the substitution to write

your final answer in terms of x.
¢ IcoseczxcothZ +cotxdx;u=2+cotx

d I,—xdx;u=x2+l
e |

-

Use the given substitution to evaluate:

5
i
a J‘%x\f4x—1dx;u=4x—] b Ilﬁmdx;usz
in
4 sinx 3 sin2x :
¢ IZRCOS3xdx;u=cosx d I 1+Smxdx;u=smx

Using the substitution # = 1 + x* or otherwise, find the exact value of _[ syl rxrdy

(6 marks)
In6

Using the substitution u = e*, or otherwise, find the exact value of I + = dx, leaving your
answer in the form In a, where « is a rational number to be found. = (6 marks)
a Using the substitution x = tan 6, or otherwise, show that _[ I _: 2 dx = arctanx + c.

| ) (4 marks)
b Hence evaluate J“,j ﬁ dx. (2 marks)

3

4
: 83 ; 5x
the substitution u?> =2 1 th how that th t val fj—d,
Using the substitution x + 1 or otherwise, show that the exact value o TS X

is % (6 marks)

2sin2x

I sinxdx' (5 marks)

By using a suitable substitution, or otherwise, find I

@ Integration by parts
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Find the following integrals.

a Ixcosxdx b J-xseczxdx @ Ju"dq";dx=uv— gx dx

I Ixel" dx d chosecz4x dx In part a, let = x and g% = COSX.

e Ixe“"-" dx f stin Sxdx

Find the following integrals.

a Jxlnxdx b Ix3lnxdx @ In part a, letu:lnxand%:x.
¢ J]n ydx In part ¢, write Ilnxdx as Il x lnxdx.



Integration

Find the following integrals.

m You will need to apply integration
a Jxl sin2x dx b Ix2 e dx by parts twice to answer each part of this

c J-ij (1+ x)dx S
Evaluate:
n g 3n
a rxsinxdx b vaﬁ—xdx c J-:xcoseczxdx
i} 2 i
: ; ;
csec?2x d x? cos4x d: x’e™d
d L Xsec:2xdx e J-Ur cos4x dx f J-u e "dx
2
Find the exact value of Ilﬁx Indxdx. (5 marks)
2 e;
Show that I ¥ etdes E(Se2 -1). (6 marks)
1
a Use integration to find Ix sinzrx dx. (3 marks)

3

b Hence, or otherwise, evaluate J“‘C cos mx dx, leaving your answer as an exact value in terms

of m. 2 (5 marks)

Find ji2x3 cosec” xcot x dx, leaving your answer in exact form. (5 marks)
-

a Find Ix cos2xdx. (3 marks)

b Hence, using a suitable trigonometric identity, find Ix gin“sedy: (3 marks)

@ Partial fractions

1

8x-4 __4 i B m Write the integral using the

(x+2)(x-4) " x+2" x-4
. expression you found in part a, then
a Find the values of the constants 4 and B. integrate each term using

8x -4

hi Hpdeinng J(x+2)(x—4) 4% [t sdx="Linjax+b| +c
Use partial fractions to integrate: m First rewrite each expression using

4x + 17 d b J Ix+6 i partial fractions. +— Section 1.3
b ) S ar ) ™ =2 =x) "

x+17 6
¢ J(x— g > 9 ,[(x—4)(2x— s

o 1A ~ 1
f(x)_(x+4)(2x_1),xeﬂ%,x% 4,x # 3
a Use algebraic long division to show that f(x) = = jﬁfzi{}_ 0y~ L,
b Use partial fractions to find values 4 and B such that f(x) = *cf g+ 27(8_ - l.
22+ 14 )

¢ Hence find J(*{ +4)2x-1) dx;
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a Show that lox = Tkl D + : ! 5 m 2x — 3 is a repeated factor,

2= i 2
(4-x)2x-3 4-x 2x-3 (2x-3) so the partial fraction expansion

b Hesicefad 16x°—37x + 17; a5 includes separate denominators
(4-x)(2x-3) of (2x —3) and (2x — 3)%
+ Section 1.4
N__ 3x+15
()= G- D +2)° >~ |
a Express f(x) in partial fractions. (3 marks)

K]
b Find I f(x)dx, giving your answer in the form In k, where k is a rational constant. (5 marks)

() = % s
a Given that f(x) = x‘il 5+ 2;1 e C, find the values of the constants A, B and C. (4 marks)
2% -5x+5 o .
b Hence find the exact value of Lm dx, writing your answer in the form « + In b,
where a and b are rational constants to be found. (5 marks)
) = 2% lzir);(rxi 3y:% >0
a Express f(x) in partial fractions. (5 marks)

2
b Find I f(x) dx, giving your answer in the form alnb, where a and b are rational constants.
1 (5 marks)

i) =512 x>1

B %

a leenthatf(x)=A+x+1+x_],

find the values of the constants 4, Band C. (5 marks)

4
b Find I f(x) dx, giving your answer in the form a + bIn ¢, where a, b and ¢ are rational

constants. (5 marks)

@ Finding areas

1
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‘ 4
The diagram shows part of the curve y = A+ 227

The shaded region is bounded by the curve, the coordinate axes
and the line with equation x = 2.

Find the exact area of the shaded region.

@ The area under the curve between x =0and x =2
2
e 4
is given by Lm dx




Integration

2 The diagram shows a sketch of part of the curve with equation V4

y=Xx ln(%x),x =0

a Verify that 4 has coordinates (2, 0).

0
b Show that the exact area of the
shaded region R, is m In part b, the value of the integral will be negative
3 1 - as the area is below the x-axis. Remember to give a
g2 positive answer for the shaded area.

¢ Show that the total shaded area is m T find the total dt
o find the total area you need to

P S 1 ol consider R, and R, separately.

2111 3 O In2 > 1 2 p Y.

3 The diagram shows part of the curve y = f(x) and the line y = g(x), y4
where f(x) = ZCOS%X + 1l and g(x) = —}l—rx + 2. :

The region R is bounded by the curve, the line and the y-axis.

a Show that the coordinates of point P are (, 1). 0 N X
2 ;J;Sez 1§ft‘e}garat10n baifinditheseract @ You could consider the total area under y = f(x)
' between x = 0 and x = x, then subtract the area of the
trapezium under y = g(x). Or you could use the formula
for the area between two curves: I (f(x) — g(x))dx
4 The curve C has parametric equations x =2,y =27+ 1, = 0. V1

dx
a Write down e

b Find the value of r when x = 0.

¢ Explain why ¢ = 2, and not -2, when x = 4.

d Find the exact area of the region bounded - 4 X
by the curve, the x-axis, the y-axis and the @ When a curve is defined parametrically,
line x =4. you can find the area bounded by the curve,

the x-axis and the lines x =@ and x = b
using I y= dx dt
5 The diagram shows part of the curve y = f(x) where f(x) = %xcos X, VA

a Verify that points 4 and B have coordinates (%, 0) and (3; O) y=i)
respectively. (1 mark) 0 A B x

b Find the exact area of the shaded region. (7 marks)
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EP)7

The curve C has parametric equations x = {2, y = 4sint, t = (). y C
a Find the coordinates of point P. (1 mark)
b Find the area of the shaded region. (5 marks) o
0| P\
The diagram shows part of the curves y =sinx and y = —cos2x + 1. y =—cos2x + 1
The region R is bounded by the two curves. 1
a Using an appropriate trigonometric identity, show that point =
A has x-coordinate %r, and find the x-coordinate of point B. A B
(3 marks) _
b Use calculus to find the exact area of R. (6 marks) 0 y=sinx\ X
The diagram shows the curve with parametric equations V1
x=12cos6,y=5sin60,0<0=<2r1 //—B‘\
The curve intersects the positive x- and y-axes at points 4 and B QJA
respectively. Find the exact area of the shaded region enclosed by
the curve and the line segment A4 B. (7 marks)
@ The trapezium rule
1 The diagram shows a sketch of part of the curve with equation ¥ i gt
y=2x*—=x*
a Copy and complete the table.
% | 0 (03| 1L |:L§| -2 .
y 0 0 0l A X
. _ b
b Explain why /= 0.5. m Ly dx=2h(y,+ 2, +y,+..+, )+,
¢ Use the trapezium rule, with all the _b-a - -
p where h === and ;= fla + ih).
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y-values in the completed table, to find an
approximate value for the area of the shaded region.

d Use integration to calculate the exact value of I_(2x2 - x7)dx
0
The diagram shows a sketch of part of the curve with equation
y=e M+ x-— 1—10x2
a Copy and complete the table.

x 0 0.25 0.5 0.75 1
¥y | 0.6116 0.7435 109183




Integration

b Use the trapezium rule, with all the y-values in the completed table, to obtain an estimate
for the area of the shaded region, giving your answer to 3 decimal places.

1
¢ Use integration to calculate the exact value of I (e™+x— l—loxz)dx.
W]

d Use the shape of the curve in the diagram to explain
why the answer in part b was an overestimate.

e Explain how the accuracy of your approximation in part b
could be improved.

@ The trapezium rule will

overestimate a convex curve and
underestimate a concave curve.

The diagram shows part of the curve with equation y = x*cos x.

a Copy and complete the table with the corresponding y-value

_3z
forx_8
T T 3r T
x| 0 s | 4 g | 2
y 0 |0.142|0.436 0

hiy
2

Given that I = I % cosx:dax,
1}

(1 mark)

y = x’cosx

A%

b use the trapezium rule, with four strips to find an approximate value for I, giving your

answer to 3 significant figures.

¢ Use integration to calculate the exact value of .

d Calculate the percentage error of the approximation in part b.

The diagram shows part of the curve with equation

x—15

Y=0Cx+3)(x-4)
a Copy and complete with the y-value corresponding to x = 1.5.

X

0

0.5

1

LS

2

2:5

3

¥

125

1.038

0.933

0.929

1.041

1333

y.i

(4 marks)
(S marks)

(1 mark)

x-15

R

e oy s
Cx+3)(x-4)

3 X

(1 mark)

b Use the trapezium rule, with all the values from your table, to estimate the area of the region

R, giving your answer to 2 decimal places.

¢ Find the exact value of J

3

x-15

o (2x +3)(x —4)

an exact value to be found.

d Calculate the percentage error of the approximation in part b.

(4 marks)

dx, giving your answer in the form Ina, where a is

(5 marks)

(1 mark)
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5 The diagram shows part of the curve with equation

y =sin‘xcos’x

}!
y = sin’xcos’*x

/-\

a Copy and complete the table with the corresponding y-value 0 E';
for x = % 2
1 n 3z b
x| 0] 3 4 g | 2
y 0 0.1768 | 0.0478 0 (1 mark)
; 3
Given that [ = I sin’xcos’x dx,
0
b use the trapezium rule, with four strips to find an approximate value for /, giving your
answer to 4 significant figures (4 marks)
¢ use a suitable trigonometric substitution to calculate the exact value of 1. (5 marks)

The diagram shows part of the curve with equation y = %*c Inx + 1. VA

a Complete the table with the y-value corresponding to x = 1.25.

x 1 125 1.5 .78 2 'y
y | 1 1.2281 | 1.4285 | 1.6931 . mark) _
0 1 RS
b Use the trapezium rule, with all the y-values from the completed table,
to obtain an estimate for the area of the shaded region R. (4 marks)
¢ Show by integration that the exact value of J-(%x2 Inx + l) dx is %an -+ % (5 marks)
1

m Solving differential equations

I

100

Bl .
iven that 7 55 % &x =

a show that _[y dy= J}c(x2 +6)° dx.

b Hence show that %yz = %(x2 +6)"+c.

Find the general solution to the following differential
equations, giving your answers in the form y = f(x).
dy

— =g

4x-3y
a
dx

o g

b qy = Sin-xsecy
dy

¢ 4x= oxy(x+ 1)

dp . ,
d v—=e¥sinxcos’x
dx

d
@ When % = f(x)g(y), you can

T [
write Ig{y} dy= _[f(x) dx.
This method is called separating the
variables.

m Use the method of separating
the variables, and remember to

rearrange your integrated expression
so it is in the form y = f(x).



3

Integration

Find particular solutions to the following differential m Substitute the boundary
equations using the given boundary conditions.

conditions into your integrated

a (x+ I)(x+ 2)% =xy+3y;x=1Ly=1 expression to find the value of the
dy s i constant ¢.
AT o Xa112 110 s oz S
b qy = Sin’y +e*sin y,x_ln2,y_4
, 4y T n
¢ cosecycos’xgo=siny;x=7,y=7
A T
d 2 A= P X= 12,y =-5
. . dy
a Find the general solution to P 4x - 1. m The general solution provides
b On the same set of axes, sketch the particular a family of solutions. Choosing some
solutions to this differential equation when ¢ = —10, values of ¢ will allow you to see what
-3 and 0, where c is the constant of integration. this family of curves look like.

Given that y = 0 when x = 1, find the particular solution to the differential equation

dv
xyé = (1 + x?)(1 = »?), giving your answer in the form j? = f(x). (6 marks)
d
Find the particular solution to the differential equation sec y d_Ji = 2cotysin?x + cot y, with
the boundary condition y = % alx= i—r Give your answer in the form sec y = f(x). (8 marks)
dy
Find the general solution to the differential equation eZJ"-"d—i = xe” — 4x, leaving your answer
in the form In|g(y)| = f(x). (6 marks)
8x =11 z : ¢
a Express 2% - 5)(x+2) in partial fractions. (3 marks)

b Given that x > %, find the general solution to the differential equation
d
2x - 5)(x +2) d_%c’ =y(8x-11) (5 marks)

¢ Hence find the particular solution to the differential equation that satisfies x = 3, y = 25,
giving your answer in the form y = f(x). (4 marks)

m Modelling with differential equations

1

The population of wild geese at time 7 years is

given by dp = 3P7. m Solve the differential equation using

dr 3 the method of separating the variables.
a Show that 5 P3 =31 +c.

Given that initially the population of wild geese is 1000,
b find the value of the constant c.

¢ Hence show that P = (27 + 100)%.

d Find the time taken for the population to reach 2500.
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2 The value, £V, of a laptop decreases at a rate m You might need to form differential

102

proportional to the current value of the laptop. equations based on a proportionality

The differential equation that models this situation  relationship. Read the question carefully:

is 9 — _k ¥, where ris the time in years since the i this case the rate of decrease is

lap(::;p was purchased proportional to the value.

a Explain:

i the meaning of % in the context of this question

ii the significance of the negative sign
iii the meaning of AV

b Solve the differential equation to show that V"= ¥ e™ where V is the initial value of the
laptop.

¢ Given that initially the value of the laptop is £800, state the value of V.

d Given further that after 4 years, the value of the laptop is £550, find the value of k to
2 significant figures.

The rate of increase of the world’s population, P, in millions, 7 years after 1900 is proportional
to the existing population.

Given that in 1900 the world’s population was 1600 million and by 1950 the world’s
population was 2600 million,

a show that P = Ae”, stating the exact values of the constants 4 and k. (5 marks)
b Find the time when, according to the model, the world’s population will be exactly

three times the population in 1950. (2 marks)
In November 2018 the population of the world was 7700 million.

¢ Evaluate the model based on this information. (1 mark)

A bowl of hot soup, with a temperature of 7°°C is left to cool for # minutes in a room with
a temperature of 20°C. The rate at which the soup cools is proportional to the difference in
temperature between the soup and the room.

a Explain clearly why the differential equation g = —k(T - 20), where k is a positive

constant, models this situation. (3 marks)

Initially the temperature of the soup is 75 °C. After five minutes the soup has cooled to 65 °C.
b Find, to | decimal place, the time when the soup reaches a temperature of 50°C. (7 marks)

Water enters a large cylindrical rain barrel, with diameter 60 cm, at a rate of 100zcm?s™.
Water flows out of the bottom of the barrel at a rate of 3mhcm®s™'.

a Show that this situation can be modelled by the differential equation 90{}% =100 - 3A.
(3 marks)

b Given that initially the water level is 20 cm, find the exact time when the water level is 30 cm.
(5 marks)



Integration

6 Following a robbery, a circular police cordon is formed to capture the criminal. The circle has

a radius of rkm and an area of 4 km?. The radius is gradually decreased in an effort to capture
the criminal.

The rate of decrease of the area, in km?* per minute, at time ¢ minutes after the cordon is

initially formed can be modelled as % = —ksin (ﬁ), t = 0, where & is a positive constant.

d k =
a Show that d—; T 511'1(4—). (2 marks)

Given that the initial radius of the cordon is 10km and after 27° minutes the radius is Skm,
b find an expression for /* in terms of ¢ (6 marks)

¢ find the time when the radius is reduced to 0 km. (3 marks)

(CLIEEW -4 Set A

Bronze

The diagram shows a sketch of the curve with equation m P=c—xe"
T=c=acii 1)

The region R is bounded by the curve and the coordinate axes.
Use calculus to find the exact area of R. (5 marks) R

S
B
=y

The diagram shows part of the curve with equation y = f(x), where Y V\J? = f(x)

f(x) = 2sinxcosx(1 + sinx)*, x = 0

. . . 0 n X
By means of a suitable substitution, or otherwise, find the exact area ‘ j\/
of the shaded region bounded by the curve and the x-axis.
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The curve C has parametric equations e

x=6cost,y=4sinzr,0$tﬁg

P is the point on the curve where ¢ =%

Line PQ is the normal to C at point P.

=¥

0 /Q
Find the exact area of the shaded region bounded by PQ, the curve
and the x-axis. (10 marks)

Problem solving JBE4:

Bronze

. . : : : d
a Find the general solution to the differential equation (x> + x + 2)% =4xy+2y. (5 marks)

b Find the particular solution to this differential equation that satisfies y = 1 at x = 0.
(1 mark)

Find the particular solution to the differential equation ez-"‘xd—i = x(e* — 1) with boundary

conditions x = 0, y = In2, giving your answer in the form In |f(y)| = g(x). (6 marks)

The sale of tickets for a cup final can be modelled by the differential equation

dT i
“dr = 120000 7(80000-1T)

where T is the number of tickets sold and ¢ is the time in days since the tickets first went on
sale.

Given that before tickets went on sale (at time 7 = 0), 16000 tickets were sold cheap to
corporate sponsors,

a solve the differential equation giving your answer in the form 7 = e (7 marks)
ce 3

b Assuming the stadium sells out as ¢ — oo, state the capacity of the stadium. (1 mark)

Now try 1 |F% — Exam question bank Q8, Q20, Q23, Q38, Q47, Q53, Q56, Q74, Q86
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Vectors 12

@ 3D coordinates

The rectangular prism O4ABCDEFG is shown in the diagram,

positioned so that O lies at the point (0, 0, 0). = G F
a Use Pythagoras’ theorem to calculate the exact length of: D : YV 7 4

i OB i OF C2 5 B
The coordinates of point Fare (p, ¢, r). 0 5 Y >

b Write down the values of p, ¢ and r.

¢ Calculate \p* + ¢q* + 2.

d Compare your answers to parts a ii and c.

Calculate, leaving your answer as a simplified The distance between the origin and the

surd, the distance from the origin to the point: point (x,,2) is VX2 + y2 + 22
a A(4, 10, 3) b B(6,4, -8)
¢ C(-2,-4,15)

In each case, calculate the distance between the points P and Q:
a P(5,3,-2)and Q(-4, 5, 4)

b P(-1,-3,6)and Q(9, 14, 4)
¢ P(11,-2,-1)and Q(7, 0, 4).

m The distance between points (x ,y,,z,) and
(X,,3,.2) is (X, = X)2 + (, = y,)2 + (z, - 2,)?

The coordinates of 4 and B are (6, —1, 3) and (3, 5, k) respectively.
Given that the distance from A4 to Bis 7 units,

a show that (3 - k)z =4, m Substitute your coordinates for A and B into

. the formula for the distance between two points.
b Hence find the possible values of k.

The coordinates of 4 and B are (-2, 4, 8) and (0, k, 7) respectively.
Given that the distance from A to B is 3 units, find the possible values of k. (3 marks)

The coordinates of 4 and B are (2, -5, k) and (-2, —1, 3) respectively.
Given that the distance from A4 to Bis 9 units, find the possible values of k. (3 marks)

The coordinates of 4 and B are (k, —4, 6) and (8, -5, —1) respectively.
Given that the distance from A to Bis 5V3 units, find the possible values of k. (3 marks)

The coordinates of 4 and B are (4, —4, 3) and (k, 4, 4) respectively.
Given that the distance from A4 to B is 3\'10 units, find the possible values of k. (3 marks)
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@ Vectors in 3D

1

106

Consider the points 4(4, -3, 1) and B (-2, 6, 5). m R Ao
a Write the position vector of A in the form pi + gj + rk. along the x-, y- and z-axes.
P P
b Write the position vector of B in the form ((1) ; pi+qj+rk= (4)
2 r
P is the point (5, 2, 1) and Q is the point (3, 7, =2).

B _} B .
a Find the vector PQ giving your answer: m For the vector a, where
i inijk notation ii as acolumn vector. a = pi + gj + rk, the unit vector, a,
— pi+qgj+rk
is given by 8 = ‘F—P——

b Find the distance between P and Q.

—
¢ Find the unit vector in the direction of PQ.

2 -4
The vectors m and n are defined by m = (—2) andn= (—5).

3 6
a Find, giving your answer in the form pi + ¢j + rk:

i m+2n ii -m—-n

m Two vectors are parallel if one

b Show that the vector 4m — n is parallel to the is a scalar multiple of the other

vector 4i — j + 2k.

Find, to one decimal place, the angle that the vector m
If the vectora=xi+ yj + zk

a = 2i — j — 2k makes with: .
makes an angle 8_with the

a the positive x-axis b the positive y-axis positive x-axis then cos 6_= =

and similarly for the angles

¢ the positive z-axis.
9}, and 6.

Given that O4 = 2i + 3j — Sk and OB = —i + 4j + 2K,
a find 4B b show that the triangle OA4 B is scalene.

" —_— — : . a " e
Given AB =4i+ j+ 3k and AC = 5i — 6] — k, find the unit vector in the direction BC. (3 marks)

4 7 |
The points 4, B and C have position vectors ( 4 ), (—l) and ( 1 ) respectively.

a Find the vectors JZB') ﬁ and B_C” 3 0 2 (3 marks)
b Find |ABi, AC | and |BC | giving your answers in exact form. (3 marks)
¢ Describe the triangle 4BC. (1 mark)
Triangle POR has vertices P(1,2,-3), Q(1, 2, 3)and R(-2, -2, -3).

a Find |I—?l , Q_R)‘ and |P_R)| giving your answers in exact form. (3 marks)
b Use your answer to part a to explain why 2 RPQ is a right angle. (2 marks)
¢ Find the size of angle PRQ, giving your answer to one decimal place. (2 marks)
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Vectors

Given AB = —i + 2j+ kand AC =B+ 7j + 2k in triangle ABC, find £ ABC, giving your
answer in degrees to one decimal place. (6 marks)

@ Solving geometric problems

1

The diagram shows a rectangular prism.

_— — — .
The vectors O4 , OB and OC are equal to a, b and ¢ respectively. M

C
and N are the midpoints of CF and AF respectively. Express in terms .
of a, band c: z

@)

R — —_— —
a OF b DC ¢4 d CF @ Use the rules for vector addition,
e OM f AM g AN h NM  working in three dimensions.
The diagram shows a quadrilateral PORS, where P, O, R and § are the points o
(7, 6, 3), (4, 10, —4), (3, 15, —=12) and (6, 11, =5) respectively.
Find: P
a P_Q) and SR b SP and @ R
¢ Describe the quadrilateral PORS. S
Giyen that m As the vectorsi, j and k are non-
(2¢g-3p)i+5j+rk=13i+ (49 +p)i+ (29 - pk coplanar, you can compare coefficients.
find the values of p, ¢ and r. If ai + bj + ck = di + ¢j + fk, then
a=d b=eandc=f.
A rectangle O4ACB has an area of 20. A new rectangle OPRQ is O R
—_— — — —
formed, such that OP =304 and OQ =208B.
B C
Find the area of the new rectangle.
0 7 P

Given that —ai — 6j + (3a + 2b)k = 2bi + bcj + 8k, find the values of @, b and c. (4 marks)
The diagram shows the parallelogram PQRS. =
Given that PO = i + 10j — 3k and OR = 8i + 3j + 2k, find the area of the
quadrilateral, giving your answer to one decimal place. (6 marks) o

P

The vertices of triangle ABC have coordinates A(2, 11, 4), B(6, k, —6) and (12, 6, 1).
Given that triangle ABC is isosceles, and k is a positive integer, find the value of k.
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A student makes the following hypothesis:

It is not possible to have an equilateral
triangle in 3 dimensions with each
vertex having integer coordinates.

Show that the student’s hypothesis is incorrect. (5 marks)

@ Applications to mechanics

1

108

A particle is acted on by three forces F, = (—5i + 3j + k)N, @14
F,=(Qi-5k)N and F, = (=4j + 3k) N,

The resultant force can be
found by summing all three forces.

a Find the resultant force R. The magnitude of the force

F=ai+ bj+ ckisVaz+b> + c2.

b Find the magnitude of the resultant force.

A particle is in equilibrium and is acted on by three forces @Y 4
F.,F,and F,, where F = (2hi - bj + Sk)N,
F,=(-4i+7j-8k)N and F, = (gi + 2aj + 3k) N.

If the particle isin
equilibrium, the resultant force will
be zero.

Find the values of @ and b.

A particle, initially at rest at O, is acted on by a force that e s o

causes the particle to accelerate at (-3i + 6§ — kyms= for find the pasition of the particle.

2 seconds. Here, s = ut + %arz is the correct
a Find the magnitude of the acceleration of the particle. formula to use.

. . . +— Statistics and Mechanics Year 1,
b Find the distance of the particle from O after 2 seconds. Chapter 9

A particle of mass 4kg is acted on by two forces,

F =8i-3j+6k)Nand F, =(-6i + 9]+ 4k) N. =
(= (8i-3 JNand F, = (~6i + 9 ) U101 Use the vector form of

a Find the resultant force acting on the particle. Newton’s second law: F = ma.

+— Statistics and Mechanics Year 1,

b Find the acceleration of the particle, giving your answer Section 10.4

as a vector.
A particle, initially at rest at O, accelerates at (5i — 11j + 2k)m s~ for 4 seconds.
Find:

a the speed of the particle after 4 seconds, giving your answer in the form aV6 ms~!, where @
is a constant (3 marks)

b the distance travelled by the particle in the first 4 seconds of its motion. (2 marks)
Given that a force of (51 — 6j + 12k) N acts on a particle of mass 4kg, find:
a the acceleration of the particle (2 marks)

b the angle the acceleration vector makes with i. (3 marks)
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A particle of mass 3 kg is in static equilibrium and is acted on by three forces
F, =(2i+3j+bk)N,F,=(qj + 4k)N and F, = (-2i - 5j + 3k)N.

a Find the values of the constants ¢ and b. (2 marks)

The force F, is removed. Find:
b the resultant force R (1 mark)
¢ the acceleration of the particle, giving your answer in the form (pi + gj + rk)ms™= (2 marks)

d the magnitude of the acceleration. (2 marks)

A particle of mass 5kg is acted on by three forces, F, = (2i + pj — k)N, F, = (pi + 5j + 2k) N
and F, = (i + j — pk) N. Given that the particle is accelerating and that the magnitude of that
acceleration is 5ms™2, find the possible values of p. (5 marks)

(CLIE G EWT - Set A

Bronze

The coordinates of 4 and B are (8, —6, 4) and (k, —4, —7) respectively.
Given that the distance from A to B is 15 units, find the possible values of k. (3 marks)

Given that a = 4pi — 5pj + 3pk, and that |a| = 10V/6, find the possible values of p. (3 marks)

A particle of mass 3 kg is acted on by three forces:

F, = (4i+qj+2k)N,F,=(-gi+2j — k)N and F, = (—i + 3j - gk)N.

Given that the particle is accelerating and that the magnitude of that acceleration is 2ms=,
find the possible values of ¢. (5 marks)

Problem solving ESISd:]

Bronze

A, B, C and D are the points (7, 4, 1), (11, =2, 3), (6, —15, 16) and (-2, -3, 8) respectively.

a Find AB and D_C), giving your answers in the form pi + ¢j + rk. (2 marks)
b Prove that 4B and DC are parallel. (2 marks)
¢ Find k such that |4 Bl = kID(I. (1 mark)
d Hence describe quadrilateral ABCD. (1 mark)
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ABCD is a quadrilateral and 4, B, C are the points (6, -8, 4), (-3, -4, 2) and (-7, 9, -3)

respectively. Find the coordinates of D such that ABCD is a parallelogram. (4 marks)
The diagram shows a cuboid whose vertices are O, 4, B, C, D, E, F GF F
and G. :

Vectors a, b and ¢ are equal to 04 ,(ﬁ and OC respectively.

The points M, N, P and Q lie on OA, AD, FG and GC such that
OM:MA=AN:ND=FP:PG=GQ:0C=4:1.

Prove that the lines MP and NQ bisect each other at 7. (10 marks)

\[OTRGTALTES — Exam question bank Q1, Q13, Q16, Q19, Q65, Q84
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Exam question bank

This bank of exam-style questions has not been ordered by topic. Read each question carefully to
work out which skills and techniques you will need to apply.

| The coordinates of A4 and B are (6, 3, —3) and (-4, k, 0) respectively.
Given that the distance from A to Bis 55 units, find the possible values of k. (3 marks)

2 ﬁnzgg%?—l

a Calculate f(2) and f(2.5). (2 marks)
A student writes:

f(x) changes sign in the interval
[2, 2.5] s0 the equation f(x) = O
must have a root in this interval.

b Explain why the student is incorrect. (2 marks)
3 Given that m = 2cosecx and n = %Sin X, express m in terms of n. (4 marks)
4 The curve C has equation y = 2x% + 2x — e,

¢ i)

a Find i (2 marks)

b Find the equation of the tangent to C at the point (0, —1). (3 marks)
5 Given that 2 437 = Sx+2 ax*+bx+c+ d +—<_ find the values of the

xi-4 x+2 x-2

constants a, b, ¢, d and e. (6 marks)
6 Solve 4cosx = 3secx in the interval —180° = x = 180°. (4 marks)
7 Given that x = %, y=>0,

a find % (3 marks)

b Hence, or otherwise, find the value of % aty=e™ (3 marks)
8 Find 14{6 sec’x — 4tan?x)dx. (3 marks)

0

9 Express T’ +12x 5, partial fractions. (5 marks)

(x+1)2(x+2)

10  Show that the line with equation y = 3x + 2 does not intersect the curve with parametric

equationsx =7+ 1,y=(2t+2)(2-1), 1€ R. (4 marks)
11  a Use the expansion of sin(2x + x) to write sin 3x in terms of sin x. (3 marks)
b Hence solve the equation sin3x = sinx in the interval 0 = x = 7. (3 marks)
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12

13

14

15

16

17

18

plx)= %xz — 3sinx + 1. The equation p(x) = 0 has a root o between 0 and 1.

a Show that the equation p(x) = 0 can be written as x = arcsin(%x2 1 %) (2 marks)
b Use the iterative formula x = arcsin (%x":i - %) with x, = 0.5 to obtain x , x, and x..
(2 marks)

¢ Taking 0.4 as a first approximation to ¢, apply the Newton—Raphson procedure once to
obtain a second approximation to ¢, giving your answer to 3 decimal places. (3 marks)

Given AB = 5i + 2j—kand BC =-7i- 10j + 4k in triangle ABC, find 2 BAC, giving your
answer to 1 decimal place. (6 marks)

a Use the binomial expansion, in ascending powers of x, to show that
VO+x =3+ %x + kx? + ... where k is a rational constant to be found. (4 marks)

A student attempts to substitute x = 1 into both sides of this equation to find an
approximate value for v 10.

b State, giving a reason, if the expansion is valid for this value of x. (1 mark)

a On the same set of axes, sketch the graphs of y = 3 + 3secx and y = cotx in the interval

-180° = x = 180°. (3 marks)
b Write down the number of solutions to the equation 3 + 3secx — cotx = 0 in the interval
—180° = x = 180°. (1 mark)
¢ Write down the maximum value of = (1 mark)
3+ 3secx

Given that a force of (-2i — 8j + 4k) N acts on a particle of mass 3 kg, find:

a the acceleration of the particle (2 marks)
b the angle the acceleration vector makes with the unit vector j. (3 marks)
Prove that % =sec2x (4 marks)
The diagram shows part of the curve with equation ¥ s

y= %m J= %m
The curve intersects the line y = x at the point x = o. -
a Showthatl <o <2. (3 marks)
A student uses the iterative formula x = %m together _ .
with x, = 1 to find a better approximation for o. 0 2 *

b With reference to the graph above, determine whether or not this iterative formula can be
used to find an approximation for ¢, justifying your answer. (2 marks)
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Given that a = 24i — 4£j — 2tk, and |a| = 9v6, find the possible values of . (4 marks)
Find [x'In(x>+ 1)dx. (7 marks)
a Given that cot P = -2, where m < P < 2m, calculate the exact value of sin P. (3 marks)
b Show that sec P = i%, where « is an integer to be found. (3 marks)
The height above ground of a person on a water slide can be ¥
modelled by the equation

h(f) = 185 + 10 sin(%) — k=0 y=h(r)

where 7 is the time in seconds since the person began sliding. 0 7

The diagram shows the graph of y = h(y).

a Show that the person reaches the bottom of the slide between 9 and 10 seconds after
they start sliding. (1 mark)

b Taking 9 as a first approximation, apply the Newton—Raphson procedure once to h(7) to
obtain a second approximation for the time when the person reaches the bottom of the
slide, giving your answer to 3 decimal places. (3 marks)

¢ By considering the change of sign of h(7) in a suitable interval, verify that your answer to

part b is in fact correct to 3 decimal places. (2 marks)
Ina i
Given that J- e-"zi I dx =1In4,a > 0, find the value of a. (4 marks)
In2

The first term of an arithmetic series is 2. The common difference of the series is 6.
a Find the 20th term of the series. (2 marks)

The sum of the first n terms of the series is 745().

b Find the value of n. (5 marks)
. 1 +5sin20+ tan26 _ 1+40
a When 0 is small, show that 3 c0s 20— 1 ~ T +20)(1 - 20) (4 marks)
b Hence write down an estimate of 1 +2sicn02562}g iaInZG when 6 = 0.03 radians. (1 mark)
¢ Find the percentage error in your estimate, giving your answer to 3 significant figures.
(2 marks)

The function f is defined by f(x) = 6x* = 13x* + 4, x € R.

Given that f(2) = 0, express f(x) as the product of three linear factors and hence sketch the
graph of y = |f(x)|. Show on your sketch the coordinates of each point at which the graph
meets or cuts the coordinate axes. (7 marks)
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27

28

29

30

31

32

114

A sequence @, a,, a., ... 18 defined by @, =k,a,_ ,=3a —5,n =1, where k is a constant.
a Write down an expression for a, in terms of k. (1 mark)
b Show that a, = 9k - 20. (2 marks)

4
Given that } q = -30,

r=1
¢ find the value of &. (4 marks)

A curve has equation y = cos2x —sin’2x, -7t < x < (.

a Find d_y and £

e 12 (4 marks)
b Find the x-coordinates of the stationary points of the curve. (3 marks)
¢ Show that a local maximum occurs at x = —~ (2 marks)

2

The diagram shows the part of the graph of y = f(x) where f(x) = x*Inx.
The curve cuts the x-axis at 4 and B and has a turning point at P.

a Work out the coordinates of 4 and B. (1 mark) p y= f(xy

b Find f'(x). (3 marks) 0(\_/3 x
P

¢ By considering the change of sign of f'(x) in a suitable interval,

verify that the x-coordinate of P is 0.717 correct to 3 decimal places. (2 marks)
d Find the exact value of the x-coordinate of P. (2 marks)
The diagram shows a circle with centre O. The points 4 and B lie A

on the circumference of the circle. The area of the major sector,
shown shaded, is 88.725cm”. The reflex angle AOB is 4.2 radians.

a Find the exact length, in cm, of the minor arc 4B, giving your answer

in the form ar + b, where a and b are constants to be found. (4 marks) B
b Find the area of the segment S, giving your answer to 1 decimal place. (3 marks)
The curve C has parametric equations x = Scost — 4,y =5sint + 1, —% =t= Z—r
a Find a Cartesian equation of C in the form (x + a)* + (y + b)* = ¢, stating the values of a,
b and c. (4 marks)
b Sketch the curve C on the appropriate domain. (3 marks)
¢ Determine the exact length of curve C. (2 marks)

The function f is defined by f(x) = |2x — 7| + 3.

a Sketch the graph with equation y = f(x), stating the coordinates of any points where the
graph cuts or meets the coordinate axes. (3 marks)

b State the range of f(x). (1 mark)

¢ Find the values of x which satisfy f(x) > x + 2. Write your answer using set notation.
(5 marks)
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1

a Expand , where |x] < i, in ascending powers of x, up to and including the term
p Ta—oy 3 gp P g
in x*. Simplify each term. (5 marks)

b Hence, or otherwise, find the first 3 terms in the expansion of %8 as a series in
ascending powers of x. 32 (4 marks)

The motion of a netball as it leaves a player’s hand and passes through the net is modelled
using the parametric equations x = 3.8¢, y = —4.97 + 4.6 + 1.9, t = 0, where x m is the
horizontal distance travelled and y m is the height of the netball above the ground after

t seconds.

a Write down the height of the ball when it leaves the player’s hand. (1 mark)

Given that the height of the net is 2.8 m and that the netball passes through the net as it is
travelling downwards,

b find the time at which the netball passes through the net (3 marks)
¢ find the horizontal distance between the player and the net. (1 mark)

Luke and Isabella were given this question.

Solve the equation V3 sin 8 = cos 0 for —’—27'- << %

Their attempts are shown below.

Isabella Luke
V3sinf =cos O V3 sin@ =cos8
tan® =V3 3sin?0 = cos? 8
9=% 3sin°@ =1-sin"0
sin?0 = %
sin@ = :t%
0=+Z
a What error has Isabella made? (1 mark)
Luke gives 6 = —%r as one of the answers to V3 sin 6 = cos 6
b Explain why this answer is incorrect and how this answer arose. (2 marks)
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36

37

38

39

40

41

42

43

The curve C has parametric equations

x=cosr,y=cos(r+£),0<t<ﬂ:

3

Show that a Cartesian equation of the curve is y = %x - JT?VI — x?, for a < x < b, stating
the values of « and b. (5 marks)
a On the same set of axes, sketch the curve with equation y = 2Inx and the line with

equation 2x + 5y = 10. (2 marks)
b With reference to your sketch, explain why the function f(x) = 10Inx + 2x — 10 has

exactly one root. (2 marks)
¢ Show that f(x) has a root between x = 1.8 and x = 1.9. (2 marks)

4
Given that k is a positive integer, show that Lkﬁ dx is independent of k. (4 marks)
f(x) = 2* + 47*. Show that the equation of the tangent to the curve with equation y = f(x) at
the point with x-coordinate —1 is (15In2)x + 2y + 15In2 -9 = 0. (6 marks)
a Usetan(x+ )= lanx +@NQ  ¢how that tan105° = -2 — V3. (4 marks)
| —tanx tano
b Hence or otherwise, show that cot 105° = -2 + V3. (3 marks)
The shape AOBCD consists of an isosceles triangle COD B4
joined along its equal sides to sectors OBC and ODA of a circle
with centre O and diameter 11 m. Angles AOD and BOC are c
equal. AOB is a straight line and is parallel to the line DC.
DC has length 4m. 4m o |11m
a Find angle COD in radians, correct to 3 decimal places.
(2 marks) D

b Find the shaded area AOCD, giving your answer to .

1 decimal place. (3 marks)
¢ Find the perimeter of sector COB, giving your answer to 1 decimal place. (2 marks)
a Prove that sec’x — tan®x = 2sec’x — 1. (4 marks)
b Hence solve the equation sec'x — tan*x = 24 in the interval 0 = x = 360°.

Give your answers to 4 significant figures. (4 marks)
A curve has equation 6x* — 6y — 4xy + 40 =0.

< )P

a Find d—i in terms of x and y. (4 marks)
b Show that line joining the two points on the curve where the gradient is —% has equation

9% +2y=0. (2 marks)
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Consider the function f(x) = =2x" + 8x* = Tx + 3, x € R.

a Given that f(3) = 0, write f(x) as a product of two algebraic factors. (2 marks)
b Hence prove that there are exactly two real solutions to the equation
-2*+8"-71+3=0 (2 marks)
¢ Deduce the number of real solutions, for 57 = 6 < 8, to the equation
2tan’0 — 8tan’@+ 7tanf -3 =0 (1 mark)
The diagram shows the curve C which is defined by the
parametric equations Y
1 1 O X
x=0,y=20-42,0<¢<3 C
a Find a Cartesian equation of the curve in the form
v = f(x) and state the domain of f(x). (3 marks)
b Find the value of # when % =0, and hence determine the
exact range of f(x). (4 marks)
The diagram shows the curve with equation IR
y =k sin (x T %) for 0 = x = 2x, where £ is a constant.
The curve cuts the y-axis at (0,2\5 ) and passes through /-\ /
the points (p, 0) and (¢, 0). 0 p\/j o X
a Show that k =4, (1 mark)

b Find p and q. (2 marks)

The line y = —1.2 meets the curve at the points R and S.

¢ Find the x-coordinates of R and S, giving your answers to 3 significant figures. (5 marks)

]

Using the substitution u# = cosec x, or otherwise, find the exact value of J-Ecoﬁx dx. (8 marks)

4

1 -3¢

The curve C has parametric equations x =¢ -2, y = = 1> 0. V4
a The curve crosses the x-axis at point 4 and the y-axis at point B.

Find the coordinates of 4 and B. (4 marks) A X

%

b A straight line / intersects the curve C at points 4 and B. Q

Find the equation of the line / in the form ax + by + ¢ =0. ) —

(3 marks)

N 12x*+20x+12 A B e
) = e DG+ DG+ 3etl  Fal 542
a Find the values of the constants 4, B and C. (3 marks)
b Hence find the exact value of I_f(x) dx, giving your answer in the form ln%

0
where % is a fraction in its simplest form. (5 marks)
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50

51

52

53

54

a Prove that sin26 — tan 0= tan 6 cos 20. (3 marks)

b Hence solve the following equation in the interval —% St %

(sec’x + 3)(sin2x — tanx) = 4tan’x cos2x

Give your answers to 3 decimal places where necessary. (6 marks)

1
a Show that the binomial expansion of (9 + 7x)* in ascending powers of x up to and

including the term in x° is 3 + %x + kx?, giving the value of the constant k as a simplified

fraction. (4 marks)

. . P

b i Use the expansion from part a, with x = 75>
Give your answer in the form ‘;—; where p and ¢ are integers.

ii Explain why substituting x = % into this binomial expansion leads to a valid

approximation. (4 marks)

to find an approximate value for V2.

f(x) = x%(2 = 5x)°

a Find f'(x) and f"(x). (4 marks)
b Find the x-coordinates of the points where f'(x) = 0. (3 marks)
¢ Demonstrate that x = % is a point of inflection. (2 marks)
The diagram shows the part of the curve with equation y = 3x?e~>*. I
a Complete the table with the y-value corresponding to
x=.13. (1 mark) y = 3x%e
x| 0o ] 05 1 15 ] 2 [ 25 3 = .
y 0 0.2759 | 0.4060 0.2198 | 0.1263 | 0.0669 0 3 2
b Use the trapezium rule, with all your y-values from the completed table, to obtain an
estimate for the area of the shaded region R. (3 marks)
¢ Show, by integration, that the exact value of J-ijze‘l"dx is % - % (5 marks)
A curve C has parametric equations x = %cos £ =icos3r % SEES %T P

a Show that the Cartesian equation of the curve can be written

in the form y = ax(bx? — ¢), stating the values of a, b and c.
(5 marks)

0 L7
b Determine the range of possible values of x in the given c
domain of 7. (1 mark)
¢ Find the coordinates of the turning points of the curve, and
hence determine the range of possible values of y in the given domain of «. (3 marks)
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a Solve the equation 2|x + 4| - 2 = x + 3. (4 marks)

b i Sketch the graph of y = x| -
ii Explain why |x| — 4 < |x — 4 for all real values of x. (6 marks)

Following heavy rainfall, water flows into a reservoir at a rate 200m*h~". To relieve pressure
on the dam, water is released at a rate of %Vnﬁ h~!, where F is the volume of the reservoir.

a Show that =597 = ¥ _ 1000. (2 marks)

dt

Given that when the water is initially released, the volume of the dam is 9000 m?,

b find the solution to the differential equation in the form V' = a + be™*', where a, b and k
are constants to be found. (7 marks)

¢ State, with a reason, the minimum volume of the reservoir according to the model.
(1 mark)

a Use binomial expansions to show that'\’ 11 +_6Y =1+ 7; ZISXJ (6 marks)

A student substitutes x = + into both sides of the approximation shown in part a in an

5
attempt to find an approximation to V11.
b Give a reason why the student should not use x = % (1 mark)
¢ Substitute x = 625 into A 1]"'_6; ~ 1+ 72’( 218x to obtain an approximation to V11,
Give your answer to 5 decimal places. (3 marks)

The function g is defined as g(x) = arccosx, for-1 = x < 1.
The function h is defined as h(x) = —r xeR.

a Find an expression for gh(x) and state its domain. (3 marks)

b Sketch the graph of y = gh(x), clearly showing the exact coordinates of the endpoints of
the curve. (3 marks)

¢ Determine (gh)~'(x) and state its domain. (2 marks)

In triangle ABC, AB=3cm, BC=7cmand AC=8cm, and 2L ACB = g

a Use the cosine rule to show that cos & = 13 (3 marks)

2 14
b Hence find the exact value of cos26. (3 marks)
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60 a Expand (3_1—4’02, x| < % in ascending powers of x up to and including the term in x?%,
giving each term as a simplified fraction. (5 marks)
. - . . 2 + kx 329 >
Given that the binomial expansion of G = 497 x| < TGty T Ax*+...
b find the value of the constant k (2 marks)
¢ find the value of the constant A. (2 marks)
12
61 a Show that }}(2 + 4r + 3") = 797496. (4 marks)
r=1
b A sequence THE T is defined by o= —uL, u = %
- 1
200
Find the exact value of Y u . (3 marks)
r=1
62 a “If p and ¢ are irrational numbers, then pg¢ is also an irrational number.”
Disprove this statement using a counter example. (2 marks)
b Prove that V2 is an irrational number. (6 marks)
63  The diagram shows a sketch of the curve with equation y = f(x), x € R. yj
4
The curve passes through the point (0, 4) and has a turning point at
P(3, -5).
a Write down the coordinates of the point to which P is transformed O X
on the curve with equation: y = (x)
. X .
i ZF(E) ii —f(—x) (4 marks) 5

b Sketch the curve with equation y = f(|x]).
On your sketch show the coordinates of all turning points and the coordinates of the
point at which the curve cuts the y-axis. (3 marks)

The curve with equation y = f(x) is a translation of the curve with equation y = x°.

¢ Find f(x). (2 marks)

d Explain why the function f does not have an inverse. (1 mark)
64  The first term of a geometric series is 30 and the common ratio is %

a Find, to one decimal place, the value of S|.. (2 marks)

The sum to infinity of the series is S_, and the sum to N terms of the series is S .

b Find the smallest value of N, for which § -5 < 0.5 (6 marks)
& —_— _
65 Intriangle POR, PQ = -3i+ 6j+ kand PR = 11i+ 7j - 2k.
a Find the area of triangle POR. (7 marks)
% “ —_— 5 s —_— —_—
The point T 1s such that PT = —2P_Q) and the point S 1s such that PS = -2PR.
b Find the area of triangle PST. (2 marks)
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(2% =7 1
fix)= e +(x—3)(x—2)’x>2
a Express f(x) as a single fraction in its simplest form. (5 marks)
b Hence show that f(x) =2 - = l 5, X > 2 (2 marks)

The curve y = %, x >0, is mapped onto the curve y = f(x), using three successive
transformations, 7, 7, and T

¢ Describe fully T\, T, and 7. (4 marks)

The graph shows part of the curve C with parametric equations y
x=200329,y=%sin9,05£9£% C__N

a Find g—i giving your answer in terms of 6. (4marks) O /M X

P is the point on the curve where 0 = % P

b Find an equation of the normal to C at P. (4 marks)

The normal to C at P intersects the axes at the points M and N.

¢ Find the exact area of triangle OMN. (2 marks)
A geometric series has first term 10 and common ratio %

Calculate:

a the 20th term of the series, to 3 significant figures (2 marks)
b the sum to infinity of the series. (2 marks)

Given that the sum to k terms of the series is greater than 24.99,
log 0.0004

¢ show that k > o505 (4 marks)
d find the smallest possible value of k. (1 mark)
; ; ; 2Ax-1) 1

The function f is deﬁn;ed by f: x Fes g v ey T >4

a Show that f(x) = o >4, (4 marks)
b Find the range of f(x). (2 marks)
¢ Find f'(x). State the domain of this inverse function. (3 marks)
The function g is defined by g: x = 2x?+ I, xe R

d Solve fg(x) = % (3 marks)
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70

71

72

73

5. 5 8 )
) =332 2= 50 M <5

a Show that the first three terms in the series expansion of f(x) can be written as
I _.215x  1385x?

6~ 36 716 (7 marks)
b Find the value of f(0.01). Round your answer to 7 decimal places. (2 marks)
¢ Find the percentage error made in using the series expansion in part a to estimate the
value of f(0.01). Give your answer to 2 significant figures. (3 marks)
a Express %COSB + %sinﬂ in the form R cos(6 - ), where R>0and 0 < o < %
Give the value of o to two decimal places. (3 marks)
b Hence find the maximum value of % o+ (%COS 0+ %sin 9)_. (2 marks)
¢ Solve, for - < 6 < Z, the equation % cos20 + % sin26 = 2, giving your answers to two
decimal places. (5 marks)

A curve C is defined by the parametric equations x =e”, y =6e' - 2, 1 eR.

a The straight line y = x + 3 passes through the points 4 and B on curve C.
Find the coordinates of 4 and B. (6 marks)

b Another straight line, /, passes through the points P and Q on curve C where 7 = In2 and
t = In 3 respectively. Find an equation for line / in the form ax + by + ¢ = 0. (6 marks)

A company made a profit of £60000 in 2018 (year 1). Future year-by-year profits are
modelled by a geometric sequence with common ratio r, where r > 1.

The model predicts that the profits in 2019 (year 2) will be £60000r-.

a Write down an expression for the predicted profit in year n. (1 mark)

Given that the model predicts that the profit will exceed £240000 in year n,

log4
logr
Using the model with r = 1.08,

b show thatn > + 1. (3 marks)
¢ find the year in which the profit made will first exceed £240 000 (2 marks)

d find the total of the profits that will be made by the company over the 10 years from 2018
to 2027 inclusive, giving your answer to the nearest £10000. (3 marks)
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19

76

i

78

Exam question bank

The curve C has parametric equations ¥
x=6c¢cost,y=2sin2t,0<t<2x /C\|%p\
a Find the gradient of the curve at the point P at which t = x

6 > X
(3 marks) \/6‘\J -

b Find the equation of the tangent to the curve at the point P. (3 marks)
¢ Find the exact area of the shaded region bounded by the tangent PQ, the curve and

the x-axis. (6 marks)
a Express ol e 2 A 10 as a single fraction in its simplest form (7 marks)

5x24+46x-8 xI-x-6 )
b Hence write S;Y A 10 in the form A4 + i, where 4 and B are
Sx*4+6x-8 x*-x-6 x-3
constants to be found. (2 marks)

N S5x—4x 10
t.()"J_Sx’2+6x—8 =X —h"

¢ Use your answer to part b to prove that f(x) is an increasing function for all x > 3.

x#3

(3 marks)
The second and fourth terms of a geometric series are 270 and 120 respectively.
For this series, find:
a the sum to infinity (6 marks)

b the smallest value of n for which the sum of the first n terms of the series exceeds 1200.

(4 marks)
The diagram shows part of the curve with the equation b
y = f(x), where f(x) = (x* — 4x)e™™. y =f(x) \
- - 3 N
The point P has coordinates (1, _E)' O\B =%
The tangent to the curve at P intersects the x-axis at the
point 4. =
a Find the equation of the tangent. (4 marks)
The normal to the curve at P intersects the x-axis at the point B.
: . 9e?+ 1
b Show that the area of the triangle ABP is % (7 marks)
3Ix2-x+2 _ B C
GiDE-2) 2 txel T x-2
a Find the values of the constants 4, B and C. (4 marks)
- 3x2-x+2 . - . -
b Hence, or otherwise, expand 1) G=2) in ascending powers of x, up to and including
the term in x*. Give each coeflicient as a simplified fraction. (7 marks)
¢ State the set of values for which the expansion in part b is valid. (1 mark)
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79

80

81

The function f is defined by f(x) = =— 3X ye R, x # 4.

a Find f~!(x), and state the domain of this inverse function. (4 marks)

The diagram shows a sketch of the function g(x).
The function g has domain -2 < x < 9, and is linear from
(=2, -10) to (2, 0) and from (2, 0) to (9, 5).

b Write down the range of g. (1 mark) x
¢ Find gg(2). (2 marks)
d Find fg(9). (2 marks)

e On separate diagrams, sketch the graphs with equations:
i y=lg(x)l i y=g'(x) (4 marks)
Show on each sketch the coordinates of each point at which the graph meets or cuts the axes.

f State the domain of the inverse function g (1 mark)
The first three terms of a geometric sequence are 6k — 5, 4k — 5 and 5 — k, where k is a
constant.

Given that k£ < 1,
10

a show that k = {7 (6 marks)
For this value of £,
b i evaluate the fourth term of the sequence, giving your answer as an exact fraction

ii evaluate the sum of the first ten terms of the sequence. (6 marks)

36x + 15x - 14
J < =
f(x) = o , |xl
Given that f(x) can be expressed intheform-4 4+ B __, C
=2 Ba=2p 2%

a find the values of the constants 4, B and C. (4 marks)

b Hence, or otherwise, find the series expansion of f(x) in ascending powers of x, up to and
including the term in x°. Simplify each term. (7 marks)

¢ Find the percentage error made in using the series expansion in part b to estimate the
value of f(0.1). Give your answer to 2 significant figures. (4 marks)



82

83

84

Exam question bank

The functions f and g are defined by f(x) =3x + In3, x € R and g(x) =¢*, x € R.

a Prove that the composite function gf is gf(x) = 3e*™, x e R. (4 marks)

b Sketch the graph of y = gf(x), stating the coordinates of the point where the curve
crosses the y-axis. (2 marks)

¢ Write down the range of gf. (1 mark)

d Find the value of x for which %(gf(x)) = 4, giving your answer to 3 significant figures.
) (4 marks)

T
)
Give the value of o to 1 decimal place. (4 marks)

a Express 12.5cosx + 6.5sin x in the form R cos(x — o), where R>0and 0 < o <

b i Find the maximum value of 12.5cosx + 6.5sin x.
ii Find the value of x, for 0 < x < m, at which the maximum occurs. (3 marks)

The height above ground of a particular car on a Ferris wheel can be modelled by the
function

H=16-12.5c0s(1.05¢) — 6.5 sin(1.057)

where H is the height of the car above ground in metres, and ¢ is time in minutes after the
ride begins. All angles are measured in radians. Give your answers to | decimal place where
necessary.

¢ State the maximum height of the wheel and the time at which this maximum occurs.

(3 marks)
d Calculate the height of the car at 4 minutes. (2 marks)
e Calculate the times the car reaches a height of 15 metres during the first 6 minutes.

(4 marks)
f Find the time it takes for the Ferris wheel to complete one rotation. (2 marks)
The diagram shows a cuboid whose vertices are O, 4, B, C, D, E, F SG. R F

and G.

—_— — — g
Vectors a, b and ¢ are equal to 04, OB and OC respectively.

The points K, L, R and S lie on OA, AD, FG and GC such that
OK:KA=AL:ILD=FR:RG=GS:58C=1:2,

Prove that the lines KR and LS bisect each otherat . (10 marks) O K 3 4
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Exam question bank

85

86

The function f is defined by f(x) =e™ + 5, x € R.
a State the range of f(x). (2 marks)
b Find f~!(x). State the domain of this inverse function. (4 marks)

¢ Sketch the graphs of y = f(x) and y = f~'(x) on the set of same axes, stating the
coordinates of the points where the graphs cross the axes. (4 marks)

d Show that the x-coordinate of the point of intersection of y = f(x) and y = f*'(x) is the
solution to the equation e*(x — 5) = 1. (4 marks)

The position of a carriage on a rollercoaster at time ¢ seconds is
modelled using the parametric equations

x=40Vt,y=80t-2012,0<t<T
where x represents the distance travelled horizontally in metres 0| =
and y represents the height above the ground in metres.
Given that the rollercoaster starts and finishes at ground level,
a find the value of T’ (2 marks)
b find the maximum height of the rollercoaster and the time at which the carriage

reaches this height. (3 marks)
¢ i Find the angle of descent at the point where the rollercoaster reaches the ground at

the end of its path.

ii Hence comment on the validity of the model. (4 marks)
d Find the total area bounded by the path of the rollercoaster and the ground, labelled 4

on the diagram. (3 marks)



CHAPTER 1
1.1 Proof by contradiction

1

a There are a finite number of prime numbers.
b There exists an n such that #* is even but n is odd.

¢ There exist p and g such that pg is odd and p and g are
both even.

Assume that there is a greatest even number, 1. Then
1+ 2= pand is also even. This contradicts the assumption,
so there is no greatest even number.

Assume that «* — 4h — 7 = 0, where @ and b are integers.
Soa=4bh+ 7. Since 4h + 7 1s odd, «* is odd and so a is odd
and can be written as 2n + 1 where n is an integer.
Then@=(2n+ 1P =4b+7 =4 +dn+1=4b+7
Rearranging, 4 + dn - db =6 =4n* +n-5h) =6
Som*+n-h= %. which is not an integer, but as n and

b are integers, n* + n — b must also be an integer. This
contradiction implies that ¢ — 4b — 7 cannot be equal to 0.
Assume that there is a smallest positive rational number, n.
Thenn = 0andn = % where a and b are integers and b = 0.

Then %z % and since b is an integer, 25 is also an integer.

This means that% is rational and as% < nthisisa
contradiction, which implies there is no smallest positive
rational number.

Assume that n is even. Then n = 2p where p is an integer.

n' = (2p) = 8p* which is even. Thus if »* is odd, then » must
also be odd.

Assume that there exist non-zero integers x and y such that

x*=y*=1.Then (x + y)(x — y) = |. The only factor of 1 is 1.

There are 2 possibilities using 1 x 1 =1land -1 x-1=1:
x+y=landx-y=1 (1)
x+y==landx-y==1 (2)

(1) gives x=1 and y = 0 and (2) gives x =1 and y = 0.

= 0is a solution in both cases, so there are no non-zero

integer solutions to the equation x* — y* = 1.

Assume that V5 is rational. Then V5 = % where @ and b are

integers, b # 0 and the highest common factor of @ and b is
1. Then a=\5h = a? = 5.

So & is divisible by 5 and it must contain a (repeated) factor
of 5, and so a is divisible by 5. So a = 5p, where p is an
integer.

= (5py = 5b" = b = 5p*. So b is divisible by 5 and so

b is divisible by 5. As @ and b are both divisible by 5,

then the highest common factor of @ and b is not 1.

This contradiction implies that V5 is irrational.

Assume that p is rational, ¢ is irrational, and that p — ¢ is
rational. Then there exist integers a, b, ¢ and d such that
p:%andp-q:%, b d=0.

a_ __¢ _a_c_ad=be
S0 -I=g =50~

But ad - bc is an integer as a, b, ¢ and d are all integers and

bd # 0, which means that ¢ is rational. This is a contradiction.

So the difference between any rational number and any
irrational number is irrational.

1.2 Algebraic fractions

1 x—1
1 a x+3 3x+1)
x=1 203x+4)
2 a X x=2
Tx+1
B TR
x(25 - x)
C G -9
11x+9
4 2 T h@-3)
¢ 4(x =2
2x+ 1Y (2x=1)
5 (x+2)(y+3)
(x=2)(y-3)
6 xHx=35)(x=6)
2(x*-6)(x-1R)
7 x(17x=2)
Bx+D(5x=1)
8 13- 2x

2x+D(x=3)

Answers

Hx+5)
X

22x-y)
¥

11x=-9
Ix=F(x+1)

24+ 9x-3x°
(2x=3)(x+2)

ix
(x+4)(x=3)(x-2)

7-4x
(x+2)(x+1)(x=-3)

x(x+3)(x=5) +5(x-35) +40

2 = (x+3)(x-9)
X —2x"—10x+15
(x+3)(x-35)
b Using the factor theorem, (x + 3) is a factor of
= 2x2=10x +15 = (x + 3)(x? = 5x + 5)
A X =5x+5
Sof(x)= e e
1.3 Partial fractions
3y B _4 i
L semtzsw Mo—oarem
i 2. __ &
Ix—=1 2x+1
3 4 5 | 4
% 8 =Re t e x+1 x-5
5 2 1 2 1 3
R B e x-1 x+27x+3
2 1 3
\_.\:-3+2x-1

4 A=5B=3C=-4

) S )
5 A=-1p=12
13 21
§ Xx+2 2x+3
! |
T Bty

8 A=2,B=-3,C=1
9 A4=2,B=3C=-1

1.4 Repeated factors
1 A=2,B=-1,C=3
2 A=3,8B=-4,C=2
3 A=2B=-3
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1 5 4
3 reEeas
4 3 5
Ll e g e
1.5 Algebraic division
x =2
1 ).'—3:].1:3—5x+?
x!=3x
=2x+7
=2x+6
1
2 a 15 b x—6+_1
x+1
3 A=1,B=-4,C=12,D=-45
4 A=1,B=2,C=8,D=37
5 Ad=6,8=-3,C=1
6 A=2B=2C=11,D=32
7 A=1,B=-5C=15
8 A=2B=-2,C=-3
9 A=3B=-5,C=0,D=-2E=5
Problem solving: Set A
B a 3x-2 i Jx+1
x=1 X
x-3
S x=1
Do i 3D
G 3 T8

Problem solving: Set B
2 1 5
B 2 Gx-T-x
S X-x-6=(x=-3)x+2).4=3,B=5C=-4

| I 3
G e o1t 3m—3)

CHAPTER 2

2.1 The modulus function

1 a6 b 14 c 4
2 a2 b 29 c 6
3 a

128

¥
y=Px=4

(2,7)

(0, 3)

Yt y=gx)

i x=-2,5

e} (5,0) x




c i ¥ i x=-2, %
¥ =f(x) r=g(x)
(-2, 4y 6 28
(&3)
2 0 X
(5:0)
5 {.\‘:_\‘<%}U{x:x>%}
6 a iy b 2<x<1
(0.3)
y=x+3
=
3 0 x
(9]
5 5
7 a b I and 3
(0.5)
y=1{(x)
o] [ 5 X
59)
(0, 5) and (3.0)
8 x<lorx=> %
9 a N _ b land7
3 X
y=-3-x
2.2 Functions and mappings
1 a many-to-one b one-to-one
¢ one-to-many d many-to-one
2 af:xeVx+2, xeR x=-2
b firx»—— xeR, xz-1
x+1
¢ f:x—tanx, xeR, -90° < x < 90°
3 a i b
y=1x)
4
i fix)=4 iii one-to-one
b i (90°, 3)
¥ =filx)
o] (180°, 0) %
i 0=f{x)=3 iii many-to-one

B bl

1 )J
y=1ilx)
24
0 X
i flx)=2
i y
o (3,0 X

i f(x)=0

iii

iii

Answers

one-to-one

one-to-one

f(x) is a many-to-one mapping for all xe R, soitisa

function. f{2) = 6

flx)y=2 d x=-12o0rx=7

6 ¢ h(x)=8§

2.3 Composite functions

1 a
d
2 a
d
3 a
4 a

8 b 6
I e 27
11-32 b 4-1

1 i
=1 g =
17 b .\‘:%
flx) =2x

b many-to-one

b f(x)=-10

d 3and5+Y3

b fg(x)=x When gf(x) = fg(x), 2x=x%,sox=0o0rx=2
As x =01is not in the domain, x = 2.

fixy=-4 b gf(x)=k+8x—-4x*

5 a

c
6 a
7 a
8 a

fk:keR k<2)
f)=8 b -92
=0 b 2(-15)

3= 2 h 3-2

S d
c x=3
In2
¢ 4
In3
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Answers

2.4 Inverse functions

i) =2%3

1 a i

¢ 3
4
5
d
6
2 ai g‘l(.\‘}=“;3
ii domainxeR, x=-3;rangeg'(x)=0
ii iv x=3
T
8

b i gl(x)=x2+2

ii domain x e R, x = 0; range g™'(x) = 2

iii 14 iv no solutions 1
y=g'(x)
2g y=gx)
o 3 x
e i glx)= 4+3x ";3"‘

ii domainxeR,x = 0;rangeg'(x) >3

130

i yy iv x=4

0 x
d i glx)=1+4x+5

ii domain x e R, x = -5; range g'(x) = 1

iii i 5.2 iv x=4
yr=g (x) 4.4
T 14
o -
=glx)
-5
N2 - 2
a Letf(x) =y =4, then xy _Zandx_y
sof'(x) = % = f{x) and f is self-inverse.

b x

g(x) is not one-to-one in the interval 0 = x = 6

Ix-5 _3(3,{‘\“-35)'5_3(3);-5)-5(_\--3)
f(x—3)_ (3_\-—35)_3 T 3x-5-3(x-13)
X -

_9x—15-5x+15_dx _
T O3x=5-=-3x+9 4

b f(x)= 3;*_‘35, xeR, x#3

fi =+l xe R >1

3

a g'x)=3+vx+1l,xeRx>-1;g'(x)>3

" x:?+2\'1?
a f-'(x)=3§_+21,xe[ﬂ,x:>z;f-'(x)>3
b x:%

2.5 y=|fixy| and y = f(|x])

a V4 V4
y=1ix)

3,010 [4,0)

X
¥ =)

3,000 @0 *




A

[f(x)]

360° "

y=1(x)

360°"

b Va
1—\
0
2 a ¥
b

"

_ <
-y

~360°
3 a
=lg(x)|
b
4 a (3.5
5 a ¥

=y

b

= f{1)

yJ

(0,4)

(_31 _5)

EJ,OT\

(Lo x
¥ =Inlx|

(3.-5)

2.6 Combining transformations

1

z

13, 15)

» =)
X
b ¥
= f(_|x|_]
] X
(0,|-10)

(3, -15) (3;=15)

»=lglx)|

=

2

¥ yv=fx+3)+4

0\/;
Al(=1,12), B(5, -12)
a A'(-1,-21), B(1,-6), C'(3, 12)

\ Y oy=3gx-1)

0 X

b A(-4,-9), B(0,-4), C(4,2)

y i
y=eff)-

N

Answers
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Answers

4 a 4
[_la 6]
0, 4)
y=f-=x)+1
! [9] X
b (-1,8) y

y=fix+2)+3
o x
5 a Vi

y=-3f(x) + 1
3.3
o (5.-2)

(3$ _]4J

b Fi
y=1(x)-1

2

(-5.0) \0 / (5,0) ¥

% 3 ¥ @5

7]

i L

x

2

ol

y=1(2x)-3

7 a V4 b
y=gx)
(-3.0) (1.0)

o

(-1, -4)
8 a ¥
\\\ y=2f(x+5)
\a
(0,4
b

52 Y=l

7] ‘ x

2.7 Solving modulus problems
1 a

2 a i b
(2,9) ¢
(0, 3)/\
/] (5, 0)
(-1,0) X
y=gx)
3 ai VA
_ y=1f(x)
Fol\ h
1 X
o _‘?;./ (L.0)

i(-1,10)
i (-2,12)
ﬁihé—n

fix)=-3

x=-3orx=35

gx)=9

g(x) is not a one-to-one
function

ix=0uix:x=4)

i fx) = -1



R iz, 1 i) =2
(_%:0]
oo~
(0,-1)
1
-4.0)
y=1(x)
. y=flxy 7 i flx)=35
0,612, 5)
()‘ x
4 a flx)=4 b x=11 c 4<k=10
5 a
x| -

5 Jei?

D
x

=

5)

Forx=5,|x|-5=Ix-5. Forx <5, |x| -5 <Ix-5l.

So |x| = 5 = |x = 5| for all real values of x.

6 a 2
\ (0. 4)

b {x:x{%}u{x:x‘}l}

[ {x:xﬁ%}u{x:x>%}

y=[5x-4
(4] (4 X
(%9)
7 a i
y=3x-p|
) X
3
ii Ve
P+ q\
y=p3Bx-pl+gq
gipaad
ol » X
3
b k=2p
Problem solving: Set A
B a f'(v) =1;'3;2X
e Tk
b gf(x)=g(3 2):)_3_2x3 5= Ta0

_2-15+10x° _ 10x°—13

312

3-2%°

b

[

1(x) = ]““2‘ D cargse
fgx)=(x+3P+2,fgx)=2
x=5

x=35 2 _ x=35 2
_\‘2+2x—3_.\‘+3+2_(x+3)(_\‘—1]__r+3+
X=5=-2(x=1)+2(x+3)(x-1)
(x+3)(x-1)
_Xx=5-2x-2+4+2x+4x-6
- x+3)(x-1)
_ 2% 4+3x -9 _(x+3)2x-3) 2y -3
Tx+3Nx=-D (x+3Hx=-1) x-1
flx)<2

f—l(ﬂ:i:g,x«cz d x

L x> 1

I
H

h
E=l
=%

Problem solving: Set B

B

[

=B T - P ]

6 b flx)=6
iy
6\ (4. 6) v = [f(x)]

I
n

i k<-4 i k=-4 i k> -4
a=6,b=2

.{ . 1

i p.—lﬂpﬁi—j

i {-1}utpip<-1jufpip=1

iii {p:-y<p<1}

Answers

2
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Answers

CHAPTER 3

3.1 Arithmetic sequences

1 ai7]11,1519 i a=7,d=4
b id1,-2-5 i a=4,d=-3
¢ i85,9,9510 ii a=85d=05
d i-3-1,13 i a=-3,d=2

2 a nthterm=4n -2, 10th term = 38
b nthterm =7 = 2n, 10th term =-13
¢ nth term = 3n = 5, 10th term = 25
d nthterm = 11y — 3ny, 10th term = -19y
a 33 b 41 c 30 d 53
a=2,d=35
a 8 b 41
a -1,2,5 b 3
a a=10,d=-4 b 17
a Letthetermsbea=a+kd b=a+(k+ 1)dand
c=a+(k+2)d
a+e_a+tkdra+(k+2)d
2 " 2
_2a+2k+1)d
- 2

50 -1 & Wt bk W

=a+(k+1)d=b

b p=-3,p=25
9 a k=4 b 445

3.2 Arithmetic series

1 a 860 b 570 c —1080 d 50
2 a 456 b -816 ¢ 5190 d 960
60 x 61
3 25,=60x 61,508, ==3"-=1830

4 25
5 a -1.3,7 b 4

¢ S,=%+l)wherea=~1,d=4and/=4n-5
So .S:f:%(—l +4n—5)=%(4n—6)
which shows S = n(2n - 3)
S5=142 43+ ... +(n=-2)+(n=-1D+n
S=n+n-1)+n-2)+...+ 3 +2+1

28 =nx(n+1)so Sf”(n:: b
b S:%ﬂomo

a 40 b 50
Sm:%ﬁa+(12—])d)=366
S0 6(2a + 11d) = 366, which gives 12a + 664 = 3606
b a+74d=38 c a=3,d=5
9 a Secondterm =a + d, sixth term = a + 5d,
soa+d+a+5d=2a+6d=14
soa+3d="7
b a=13,d=-2
10 a a+14d=]l(l),a+19d=%(2)
subtracting, (2) — (1) gives 5d = %, s0d=

3
2

substituting into (1) gives a + 14 x % =11

11

12

a=11-=21=-=10
Second tcrm=—10+%=_%
b n=60

d=k+5=3k-5502k=10and k =5.
Terms are 15, 25 and 35 sod = 10.
First term=15-10=5

8,=5(10+10(n - 1))

=%{1 +(n=1)=5nxn=5n
d=4k+3-3k=6k-9-(dk +3),
sok+3=2k-12and k=15.
d=k+3=18
Third term=3k=45=a+2dsoa=45-36=9
&J:g[2a+(n—1]d]

=8, =5(18+ (1~ 1) x 18) = 5 x 181 = 9n* = (3n)’
So the sum of the first # terms of the sequence is a

square number.

3.3 Geometric sequences

1

- T - RV T

9

a ir=3 i u =2x3!

i u,=60x(1)"
c i =10x (2!

d ir=3 i u,=40x (1)

a Part e: 10, = 20, 40, -80

b Let the terms be p = ar*, g = ar*+!, r = ar**+2, then

PR |
I:bla*—E

ir==2

pr=art x ar¥ =g+ = (ar'* 'Y = ¢, so pr=¢*

a x=10 b 2560

2125764 (13th term)

a % b %

-4

a 0.110(3sf) b 0.832 (3 sf) (15th term)

a a=150, ar'=50s0 150" = 50 which gives r* =%
Taking logs on both sides, 4Inr = =In3
sodlnr+In3=0

b 0.760

a k=3 b 10240 (13th term)

3.4 Geometric series

1

a 59048 b 96.0(3s.f)
¢ =255 d 2370(3sf)
a 1275 b 19682 ¢ 819(3sf) d 4118
19
a 2 b 3 ¢ 3145725
a 0.101 b 4
ERY:
5 B0-)

5
S0 100(1- (%)) >50=1-(3)" > 05

=05> (%)
; ; 4 In0.5
Taking logs gives In 0.5 = k In 5 50 k= O
b k=4



T
8
9

a k=10 b 0.0677
536 (3sf)

a «+ ar = ar* where a is the first term and r is the common

¢ 638

ratio. So ¥ —r — 1 =0, hence r is independent of a.

b S, =48900(3sf)

3.5 Sum to infinity

1

- - RN - LY -

a r=02+2=0.1

As |r| < 1, this means the series is convergent.

b S = %

a i =04 <1, so the series is convergent.
ii § = 235

b i Divergent, since |r|=3 =1

¢ i Convergent. since |r| = % <1
i S = 243

d i Not convcrgcm: series is arithmetic.

a ar'=2.4576, ar®=1.572864
ar® _ 1.572864

s0 1 =0.64 and r = 0.8

¢ 1198 (1d.p)

art 24576

As |r| < 1 this means the series is convergent.
b 300rll
a 0.68 b 32
a r=i% b a=54
2
3
a <1 b 3
a 09873 b 38
a 3 b 1.98
a ar=12_4 -0

1-r

So % 10#(1 - r), which gives 501% — 50r + 12 =0

b r=%orr=% ¢ a=6bora=4

3.6 Sigma notation

1

h ke b

a i1,509 13,1721
i 2,16, 54,128,250
=101

®160 3 a4 128
=4, d=5 b 37R

a=3r=2 b 3145725

b
¢
i Gedad, i 00
a
a
a

]85 b 60

a E{s 2r)= }:fs 2r)+}:f5 2r)

66
450

33

128

502(5 )= Z{S 2r) - Z[S 2r)
b Z(S-Zr)ﬁ‘=3 d=-2,n=30,

S =3 (6+29 % (=2)) = =780

Z(s_zr ta=3,d==2,n=7,
r=I
S?=%(6+6><(—2])=—2]

§(5 —2¢)= =780 - (=21) = =759
=5

28658 448

d n=8

10
11

Answers

885720
a a=9,d=3,5=%18+®k-1)x3)=750,
so k(18 + 3k — 3) = 1500, which gives

3k + 15k — 1500 = 0

= (k - 20)(3k +75)=0

k=

20

a=8,r=2,

S.I’c

“8-D g -1)=262136

So (2 -1)=32767 and 2" = 32768
Taking logs gives & In 2 = In 32768,

;vi

=l

_1n32768
T In2

4x 2 =262136

20

X 15
SoYd4x2=34x2-Y4x2"
r=l r=l

I

0]

Ta=4x10=40

=16

= 8388600 - 262136 = 8120464

1 1
<3 h-S

10

Z}r_BZ;-Z’.x 10x11 - 165

ll)

22"1 =ﬁ= 1023
40 + 165 + 1023 = 1228

1(2'0

3.7 Recurrence relations

1
2

a
a
b

—a I ]

3,50917 b 10,6,2,-2 ¢ 4,832, 512
i increasing

i periodic ii order4

i decreasing

i2,5 811,14 ii increasing

il, %%%,l—lﬁ ii decreasing

il,-1.3,-1.3ii periodic i 2
i1,3,7,15,31 ii increasing

i8,-4,8-48 ii periodic iii 2

i10,6,2,-2,-6 ii decreasing
n=1 a,=k+(-1)'=k-1
n=2 a=k=-1+(-1p=k-1+1=k

n=3: a4=.-'c+(-])3=k—l,sorrJ=a4=k—l

1000
dyy =3
=2, g=-
u=5u,=5k-8,u =k(5k-8)-8=5/>-8k-8
k=4 ¢ 600
4 b 0
a,= 25k +24
a, = 5(25k + 24) + 4 = 125k + 124
ia =k+5k+4+25k+24+ 125k + 124

75

= 156k + 152 = 4(39k + 38), so a multiple of 4
b 150

135




136

Answers

3.8 Modelling with series

1 a Sundays: first = 6km, second = 6 + 2 = 8 km,
third=8 + 2 = 10km, fourth =10+ 2 = 12km,
fifth=12 +2 =14km

b 2n+4
¢ 19 weeks
d 500km
2 a 1.025x28000=28700
b 28000 x 1.025"!
¢ 34968 (nearest whole number)
d 1t is unlikely that the adult population will increase by
exactly the same percentage each year.
3 a £2.65 b £71.50

Option 1 is cheaper. Difference in interest is £207.43.

5 a 15000 x 0.75" = 6328.125 = £6328 to the nearest pound
b 10

6 a £28941
b £3144.47 to the nearest penny
¢ £2836

7 a 11 b 13.10m to the nearest cm

¢ The ball is unlikely to continue to bounce to a height
which is % of its previous height for a long period of time
due to energy losses.

Problem solving: Set A
B a -125 b n=30
S 125
1 27
G k>-3

Problem solving: Set B
3

B 13
S k=20
_9
G k=3
CHAPTER 4
4.1 Expanding (1+x)"
- 22 4y x_x x
1 a 1-=2x+3x-4x b l+2 8+16
4x  2x? _4x? _x 3 1
¢ Lt ~m d 1-5+55 T35
) ; _5x 35x 105x°
e 1-=35x+ 153" =35x f1 2+—8 T
2 a il-6x+24x2 80 i <l
K ¥y ox X i =
1 ]—§-§'—E 1 |X|{l
z X xE xR -
B &l ]+§_E+@ 1 |X|<2
d i 1+20x+250x2 + 2500 i |x|<%
< 2x , 8%, 112x° e 1
e 1 ]+T+T+T 11 |X|{j
. 2x , x4 .
f l]+T+T+? i |x] =<3
3 a 1-2x-2x2-4x b 2.44949
¢ VI -4xisvalid for |x] < fand 0.01 <
4 a 4-5x+12¢ b <1

5 al b 12
6 a (1+3x)"'=1-3x+9x-27x"
So (1 = x)1 =3x+ 9" - 27x)
=1 =3x+9x7 = 27" — x + 37 = Ox*
=1 =4dx+12x* = 36x°
b |y <1
a 2-26x+68x* b |x<i ¢ 0.019%
Ox? 27x}
a 1-3x- 3 %
b %\E =~ (989949 5 gives V2 ~ 1.41421
L _Sx _ 25x°
9 a (I-5x:=1 3 831
S XX
and (1 +x)2= 1 2+ 3
S 5 XA
(1‘7' 8 )(1‘7" 8)
X 3 S5 SxPo g me BX
173951'24’3 R S S
b =
4.2 Expanding (a + bx)"
o1 3 27x 27x? )
1 a a0 16 8 i |x] <3
SR Bl
b 12—4 61”33 i |x] =<4
. 2x _xr, xd g
[ l4+T_E+ﬁ 1 |.\|{4
3 6x , 12x2 24x3 G S
2 a i 5455+ 735 + 535 ii |.\|*~1E
1 x2 X )
b e T e i x| <2
s Sx , 55x* | 365x° y
c12+4+&4+5]2 x| <1
1 9x |, 54x? | 54x? 15
3 2 T3testias v =3
1 X P I, 19x  13x*
4 a —=———=+ b —+22-
V6 6V6 2446 V6 6V6 2446
o Ly 9 20
5 a u_g,b_;; ) b ¥ <3 € 37
Sx: 25x -7
6 a2=2-8 b x=02:97=1913
4, 26x , 166x° 1
T a §+T+ 37 b |YI{E
¢ 1.3628502 d 0.00097%
1, 1x _11¥
8 a R T T- b |x]<1 ¢ 191305
4.3 Using partial fractions
4x+1 aze 1 3
L 4 1+x)(2-x)" 57 2oi
1, 7x 5x?
b 7+T¥_Tx ¢ [xl<1
3x _ 3 _ 9
2 (B+xP 3+x (3+x)
X 2xl.
b g—T E [ i |_\‘|(3
3 a 2407 _ 4 2 _27x_133x2
Gx-35) 9x+4) 5 100 2000
c |x <=4
1 2 2 1
4 a m—m b -1+ 10x-28x [ |_\'|(4
5 a A=5B=-1 b 4-6x+8x*
_g, g oy 7 _S3x_ 401
6 a A4=3B=-3C=5 b 313 " 178
c |x<3
_ M p_ 25 ~_6 83x 7952
¢ Expansion of f(x) is valid for |x| < %

As0.5 = % the expansion is not valid for x = 0.5



Problem solving: Set A
B 2 p=-Fg=3F
b x=0.05:(1.5)" = 12265625 ¢ 0.15%
9x? _ 27x° 7~ 27
S a 1-3x- ey b '\u3=516
¢ Expansion is valid for |,\‘|<%and%<:%
he 3x5L9%T 20X
G a (1+3x) 5 g+ 16
32 5x
(1-x)" ==sl+— 3 16

Multiplying thcsc together gives 1 + 2x +2x% + ...

b The expansion is valid for |x| < 3 ' and S 3

Lc]

To ensure |x| gl
gives x = ﬁ. Thcn V5§ =2.23611to5d.p.

Problem solving' SetB

= I =21 b -
B a 2_3 (2= 3w (1 2)
i 3x) D) )
=3(re e (3) + S5 ()
1 ody 3n, O
S0 P g
b 1+ 2x+3x2 c A=-24. B=9,C=1
d —2-7x- 158 I <3
5o g I 2 19x_97x2
S a fix)=8 .+3+ 3 b 3 ) )
e |x <2
G B ey Bl s B
2x2+5x+3 x+1 2x+3
VI+3x  _NT+3x _ 291+3x
2xT+ 5y +3 x+1 2x+3
| T 2 2. 4x_ 8x?
TRl S e e S b
VT+3x = (1 +3x)° =s1+3‘ 9;“
\.']+3x=5 _ 2 3x_ 92 g X 132°
T R “")(”2 r)~14+£-1%
221 + 3x I 9y’ 2 4x  8x?
s (e 3-20) (3 %-%)
ol 5 10158
i 9 108
x  13x? 2 Sk 121x2 1 x  109x?
Tk == *('TT* 103) 3718206
CHAPTER 5
5.1 Radian measure
1 a 150° b 22.5° c 720°
d 19.5° e 81.0° f 108.9°
« X 13x o 167
2 a lﬁ ii kD iii 5
b i 0.279 rad ii 2.16rad iii  4.54 rad
| i (., 0)
o\, 0 T %
1 _90 I
! ﬂz ] ! étanl\'
b V¥

/\ cos(x + 1)
(.0 \
2

3+ equate the argumcnt toeg 3, > which

(-, 0) O‘ x
4 a -1 b1 c %
5 a
o In
{r—’“u/\(—/zﬂ) 0.2)
\/\. f O‘ X
45 |
St 2
[_T*“] { gl
b ¥
[ 3
) /\ .
ey 0 w X
Ny e
1
(0! _\f_i)
6 a 1.56rad b 36.0cm?
13x 197
7 a (§:0) (F0) (F50) (FF0)
b (0.1)
8 a 313m b 061.0°
5.2 Arc length
1 a 45cm b ]%—”cm ¢ 0.R05cm
2 a 165cm b 1l.lcm ¢ 20.6cm
3 a 356rad b 7.86rad ¢ 1.58 rad
4 a 4cm b 2598cm
5 a %cm b 38.8cm
6 a % b 4.1cm?
7 a 20cm b ’E‘
5.3 Area of sectors and segments
1 a 563cm*(3sf) b 32.0ecm?*(3sf)
¢ 3cm d 1.3rad
2 a 025lem?(3sf) b 22.1cm’(3sf)
¢ 6.89cm? (3sf)
3 a 673ecm’(3sf) b 280.0cm’®(3sf)
¢ 81.3cm*(3s.f)
4 a % b 2§sz ¢ 154m
5 a 128cm? b 60.4cm
6 a r—‘\'len =3vY7em b 8.4cm?®
7 a 9__ r=2vI5cm b 0.317cm?
5.4 Solving trigonometric equations
I a 6=Z % b 6=203,5.18
¢ 0=0.927,536 d a:%,ﬂ
2 a 9=0730,241 b s:%-",% %"
¢ 0=-533,-2.19,0.955 a4 g=3r Lm lin 2n
3 a 6=203 236518, 550 b 6=0.519, 576
_rm 17x —
c B= 1712 d 6=0.485,3.63
_5n Tln =
4 a 0=3¢ 7 b ©=0.270, 1.84, 3.41, 4.98

Answers

8
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7

a
a
b
a

tanx =2 b x=-28-12,03,19

2(1 = sinx) + 3sinxy — 3 =0 = 2sin’x - 3sinx + 1 =0
v=ZX & 5n

7626 5
©=0.853,1.77,2.95,3.86 b s:%, ?"

5.5 Small angle approximations

1
2

a 3 b 2 c 1
a 2 b -6 c 2
B
. b M:i:-lg
4 46 E] [Z] 2
. 20 _20_1
Gop\ 268
1-{1-
2
1
: &
39‘4(1‘3)““5:39-44-39“4-5

26+ 1)(0+ 1)

g+1 0+1

T =20+ 1
6 a 1+6cos0+5c05°0~ l+6(1-%69) + 5(1-%@!)2
=1+6(1-%91)+5(1—93+%9“)
=1+6—393+5—589+%94
—12-86?

b Josh is incorrect as he used degrees and not radians. He

should substitute 9:@ and not 8= 10:
12-g(108Y 1y 26"

- (180) T
So 8= 10° gives a good approximation.

Problem solving: Set A
B a % b 9V3cm?

¢ 6rem? d 2(6m-943) = (127 - 183)cm?
S a 32Fem? b 6;—” cm?

¢ Area of shaded part of shape

Area of the sector ADCB==xx>x0=

= area of sector - 1, area of rhombus
= (ﬂ e 16@)cm2 = %{64::— 48V3)em?

3
1 0.

2 2%

3

Area of rhombus = 2(l x 3y x £) =¥3,2

2 2 2

Total area = g_\‘l + (%xl—gxf) = (9— %) X
Problem solving: Set B
B a I I
1 E E ¥ =%
3 —— 5
o] / VR
T ey T
b Factorise 3tan’x + 8tanx — 3 =0 to get
(3tanx — l)(tanx + 3) =10
¢ 0.322,1.89, 346, 5.03
S a 3Jcosix=5(1 —sinx) = 3(1 - sin’x) = 5(1 — sinx)

=3 - 3sinx =5 - 3sinx = 3sinx = Ssinx+2=0

b x=0.730,241and X

2
G x=0.308, 2.83,6.59, 9.12
CHAPTER 6
6.1 Secant, cosecant and cotangent
1 a ¥ b 2 c V3
z a 2.03_ b 2.20 ¢ 141
R b1 ¢ -1
secO0®  _ 2 _
4 a cosec270° T -1~ 2
3 Y _ -
b coscc( 4 )cot(ﬁ) =V2xV3=+6
5 a scc95m5m=scc(—8)
= L e 1 oo
b cot(B+m= GE(0+ %) - Gnd =cotd
5 5 4
6 a T b 3 [ 3
T o _V3 . m5_V3-342
7 cot(g)-coscc(z)_T-M'Q_f
6.2 Graphs of secx, cosecx and cotx
1 __/ E - E \
[ R R %
b i y i
| I- |
, ¥ = cosecx !
—léD“ 0 0° v
:(j]_ y=-sinx !
ii Graphs do not intersect.
2 ai ¥ y= CDIU‘
—l; I
i | i 1y =—tan x
i N o i
7o §ot | %00 2y
ii The graph of y = cotx is the same as that of
v =—tanx translated by 90° in the positive or negative
x-direction.
b i Vy=secx ¥ ¥y =cCosecx
1 | | 12

ii The graph of cosec x is the same as that of secx
translated by% in the positive x-direction.



b

Y ; ;
} (90°,2) /i i
L (270°,0)

I

(0] ‘ 13¢ 60° X

y=1+ cosecx

¥
0‘ (180°,0) x
i y=3seclx

l%*i” (180°,3)  (360°,3)

E (90°, —:r3] I[270°. 1:—3] X

3 b x=30°90° 150°
¥y =2+ 3cosecx

&),

|
R N R

i
ni X
1
.

1 -
0 c Swhn:nx—2

6.3 Using secx, cosecx and cot x

1
2
3

a

5 3
4 bE ¢ 3

¢ coseclx
¢ x=130°310°

b cosecx
b x=064.3° 296°

CosXx |, sinx

cotx +tany _ siny COSX
SECX = ]

TOSX
=008X | i o 1 —sin’x
sin x sinx
_ 1—sin"x +sin’x
sin x

COsSeC X

x =130°, 150°

+sinx

= COSCC X

b x=14.5° 166° (3 s.f)

a cc—s38+sin39xWEc0536+

sin 3@ 1 —cos’36

cos cos 36
_cos’36+ 1 - cos’38

S =sec3f

2cos36+ 2sin3ftan36 = -1
= 2(cos3f+sin36tan36) = -1 = 2sec3f= -1
= sec3f= —%

sec 3684 has no solutions in the range -1 < k < 1

x=123,5.05(3sf)

_(sinx)(sinx) + (I +cosx)(l +cosx)

7 a LHS =

(1 +cosx)sinx
_(1-cos’x) + 1 +2cosx +cos’x
= (1 +cosx)sinx
_ 2(1 +cosx)
(1 +cosx)sinx
b x=0.935325(3sf)

= 2cosecx

6.4 Trigonometric identities
1 a cosec’x+tan’x=(l +cot’x) +(sec’x—1)
=sec’x + cot’x
b cot’x +cos’x = (cosec’x — 1) + (1 —sin*x)

= (cosecx — sin x)(cosecx + sin x)

1 3 1 _ l—sinx+1+sinx
l+sinx 1-=sinx  (1+sinx)(l-sinx)
5%525m3x52+2tan3.\‘
1 —sin’x
3 3 5
2 a —E b —E C E
3 a x=-n-203% b x=3.46,597
(=% 3 Sn In
LR i h Rl
4 cosx:—?
5 x=760°135° 256° 315°
6 a -2-45
b sinp= 1 =245 Vs

— = :2_
—2-45  (=2-5)(=2+5)
e p=346.0

7 x=-2.03,-0.32, 111, 2.82

6.5 Inverse trigonometric functions

1 a mAy .
2 y = arcsinx
-1 L
: _Tr
e >
b 0

—
<

—
<y

y = arctanx

o X

Lt N o AR

2

Answers
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I _I I
2 a 1 b 3 c 3
Fiq T
3 a 3 b =« ¢ 3
4 a g.g)
¥ 27 6
LT 2| X
o
1-43 )
b (—2 L0
6 a a=2b=3 b (0, 2.498)
- 6+V2
2
Problem solving: Set A ) .
B a p=_SOSX 1 —sinx _ €os’x + (1 —sinx)*
l-sinx  cosx (1 —sinx)cosx
_cos’x + (1 - 2sinx + sin’x)
B (1 —=sinx)cosx
_  2-2sinx
biz= (1 —sinx)cosx
_ 2(1 I—sm,\‘} _ 2 2 secx
(1 —sinx)cosx cosx
= 2secx=p= sccx:%
S a cot’x+cosec’x =a = (cosec’x — 1) +cosec*x =«
= 2cosectx — 1 = a = cosecix = 4+ 1
b cosecix =4 ! = sin?y= 2
2 a+1
=1 —cos3x=i=>cos2x= 1- 2
a+l a+ 1
=costx=8=1 4 gty =a+ I,a:&l
a+1 a=1
G s 1 -tani_\‘ | -t:ﬁnh‘ =c053x(l s sini_r)
1 +tan®x sect x cos’x

=cos’x —sin’x = (1 = sin’ x) - sinx

=1-2sin’x
1

i
1=z, cosectx = —2

2 1-z

= sin’x =

Problem solving: Set B

B

G

aiy y=tan2x

S TER
4 2 4

0

b i Factorise cot’2x —4cot2x +4 =10
to give (cot2x -2\ =0,a=2

ii tan2x = %, solutions: x = 0.23, 1.80
a 4cosec’2x—1) +12cosec2x+9=10

4cosec’2x + 12cosec2x+5=0

(2cosec 2x + 1) (2cosec2x + 5) =0

cosec 2x = —% (no solutions) and cosec 2x = —%
Therefore sin2x = -25
b x=101.8°, 168.2° 281.8°, 348.2°

x=0.92,2.74, 4.06, 5.89

CHAPTER 7
7.1 Addition formulae

1

L7 B N ]

a sin{(90° = A) + B) =sin(90° = A)cos B + cos(90° = A)sin B
sin(90° — (A = B)) = sin(90° — A)cos B + cos(90° — 4)sin B
sin (90° = A4) = cos A and cos(90° = A) = sin A, therefore
cos(A — B)=cosAcos B +sinAsin B

b cos(A — (—B))=cosAcos(—B) + sin Asin(-B)
cos(—8B) = cos B and sin(-B) = —sin B, therefore

cos(A + B) = cos A cos B - sin Asin B

L. A3 p B 1.
a 5sinx--5cosx 3 COSX + 7sin x
2 tanx+\'r§

| —V3tanx
a tand@ b cos2a ¢ sin(x —45%)
1 +tanxtany
tanx + tany

LT i _I

a cos(,\+3) b sm(x 6)

sin (x + g) =cosx =» sinx cosg + COs X sin% =Ccosx

= 3 sinx + cosx = 2 cosx = V3 sinx = cosx

= tanx=-L

V3
. Sm . 10
2sm(_r+?)+2sm(x+T)
el B e 9 ) (1. V3 )
_2(—751nx+icos.\ +2 Esmx—Tcos.\

=(1-v3)sinx +(1 = ¥3cosx

7.2 Using the angle addition formulae

=L T
a sin135° =sin(90° + 45°)
=35in90° cos45° + cos90°sin 45°
-0(%)+(2)=%
b cos15%=cos(45° - 30°)
=cos45%cos 30° + sin45°sin 30°
(D)D) (By- 552
2 2 it 4
¢ tan75°% =tan(45° + 30%)

_ tan45°+ tan 30°
~ 1-tan45°tan30°

=\5+1
V3 -1
_(3+1)E3+1)
WI-1DE3+1)
44243
= 2
=2+43
13 36 85
a 25 b7 ¢
=
V3 1
a T b -ﬁ C 3
36 204 325
2 -5 b 553 ¢33



Answers

: tang —tang 7.5 Simplifying acosx + hsinx
P . BT (1
1 +tan%tan% 1 a R=29 tanw = %
l—% b R:\@:h‘f,tann{:ﬁor@
T o s
12 1+(1xﬁ) c R:@,tanrx:i
3 2 R=v5, a=634° b R=13,a=226°
7 a sinl05° =sin60°cos45® + cos60”sin45° . R=2 ,%a 26.6° e
33,1, VT _ 6+ € bt 5 20,
B T T 3 ai 2sin(9-g)
b cosecl05® = ,_4 — = 4 _x"l,é_\'l,%:\@-ﬁ iy
V6+V2 V6+V2 V6-2
o
7.3 Double-angle formulae i
oF; ]
1 a sin2E b 2cosl4d® ¢ cot27° e x "\‘u
3 6 6 y=+3sin@ - cosd
2 a 3sinl0B b sin20 ¢ cotf B
g 3. A% , 119 . 169 b l4CDS(9+§)
119 169 120 i B
»=2cos8 — vV 12sin@
4 a y:ixl—g b }-‘:'l 2 7, 1 L. %__ D_S__ Lk
3 x+1 /\
5 a cos'x—sin'x = (cos’x + sin’ x)(cos’ x - sin’x) 0 \—/71 5
n b3
_ =coslx S et SR
p Y3
2 2 ¢ i V8sin(6+L
6 a c=1—% , < ’ ( 4)
inx=4 =0 -4 1
b smx_2andccsx_2,sc-lanx_b . y=2%ind + 2cos8
d=tan2x=12t% it
2(5) z 4

5t a R=v20=2V5 a=6343°
S b #=744°338.7°
2 5 a V13cos(26-0.588)
7 10
7.4 Solvi . . . b 8=-2.20,-0.35094,2.79
. owing trlgonometrlc equatlons 5 s —\llﬁ, el
1 a x=30,6.1 b x=0.52737 ¢ x=1251 6 a 17sin(8-1.08)
— a a p— =] Q
2 a 0=634°1166° b 0=0,180° 828 b i % i 92579
¢ B=37.8° 142.2° .
3 a cc—s(.\‘ -%) =Cosx cosg+ sin x sing £y L
EY i e Mk )
E%COSX+%SH’IX,E%[\@CGSX+S"1.\‘} T & ZSln(x 6) W3 -2) sinx
b x:%,% =2(?sinx—%cosx)—\"Esinx+25inx
4 a sin(_\‘-45°j=cos_t:>v725inx-v72cosx=cosx = 2sinx - cosx
o b x=-2.90,0.69, 3.38 c 25
=tanx=1++V2
b x=67.5°247.5° 7.6 Proving trigonometric identities
i [ o - o
5 a 251n(_r 6) 51n(x+ 2) 1 3 sm2tAa[—1:anx _ 2 su:i_:.]fios.r_ li= Scosty ] =cosdy
= 25inxcos%-2cosxsin%=sin_\'cosg+cos,\‘ sing ’ cosx
= 3 sinx - cosx =cosx = V3sinx -2 cosx=0 b sin6d __ ZSIHBSCC.’S,SG
1 —cos68 1 —(1-2sin"30)
b x=-2.28,0.86 ‘ —2sin36cos36 _ cos30_ . .39
6 a tan2x—tanx=0 ﬁ%—tanx:(} 2sin’ 36 sin 36
- 5 —ceny . 2tanx _ secxtanx
= 2tanx—tanx+tanx=0=tanx +tarx =0 & @ tan2x =secx 41 -tan’x)  2(1 —tan’x)
b x=0,m2n 1 sinx sinx
_ COSX “Tosx _ Cos X
a dcosx+cosx—-3=0 b x=-m-0.72,072. = 2(1 B sinzx) =2(COSE.Y—Si113x)
8 x=-m-0.590,255 cos X cos X

Sh.  BIEN . Cliecdxking

T 2costx —sinfx)
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Answers

2 a cos(x-30° -cos(x+30°)
= (cosx cos 30° + sin x sin 30°) — (cos x cos 30° — sin.x sin 30°)
=
V3 i ) (@ 1. ) ;
=| cosx+=s8inx | - | =—cosx—=sinx | =sinx
( 2 2 2 2
b sin(«¢+b) _ sinacosh + cosasind
sin(a¢—b)  sinacosh —cosasinh
sinagcosh | cosasinb
_ sinasink | sinasink _ coth + cota
~ sinacosh _ cosasinh T coth —cota
sing sind  sina sinh
F
. cc—t(E—G) _ 1 +tan3tan9= 1 +1tan@
4 - tan%—tan@ ~1-tan@
sinfl cosf+sing .
cosh _ cosf iz cosf +sinf
_sinf cosf-sin@  cosd—sin@
cosf cosd
3 a 2sin(39+§) Ezsin39cos§+2cas3ﬂsing

- (2 x %)sin_’;ﬂ-i- (2 x g)cos 36
=5in30+ V3 cos36
b cos34=cos(24 + A)=cos2A4 cos A —sin2A sin A
=(2cos’d-1) cosA - (2sinA cos A) sin A
=2cos' A - cos A —2sin’ A cos A
=2co8' A —cosAd —2(1 —cos’4A) cosA
=2cos’d —cosAd —2cosd+2cost A

=4cos' A —-3cosA

cosxy | sinx

sin2x  cosx

_ cos2x cosx + sinx sin 2x
B sin 2x cosx
_cos(2x-X) _ cosx

T sin2xcosx  sin2xcosx

¢ cot2y+tanx =

= cosec2x
4 V3cosx - sinx=2cos30° cos.x — 2 sin 30° sin x
=2cos(x + 30%)

sin 2x 2sinxcosx _ sinx _
S a ]+c052x=1+(2c053x—l)_Cf’Sx—tanx
b 3

6  2sin (29-{_:) = 2sin29cesg- 2cos29sin§
=25in20 -2 cos26
=2 (2sin@cos §) - V2(1 - 2sir? 6)
=22sinBcos 8- V2 + 242 sin2H
7 a cos'x—sin'x = (cos x + sin’ x)(cos’y — sin’x)
=1 xcos2x=cos2x

1
b3

7.7 Modelling with trigonometric functions

1 a 06m b 0.75 seconds ¢ 20
d A body moving in the air is better modelled by a parabola.
2 a 405cm b 43cm
¢ 0.5, 2.5, 4.5 seconds
d Minimum depth of water is 38cm, so pond is not deep
enough.
3 a 130mmHg b 80mmHg ¢ 105mmHg
d 0.03,0.37,0.83, 1.17, 1.63, 1.97 seconds
4 a 9000 in April b March, April and May
¢ 4760 toys d This is extrapolation, so he may

not be correct.
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e

Scos(6+45°)

i-5 i 135°

14m at 04:30 d 4mat22:30

i 01:30 it 07:30

%cos (x=1.1) b 30.25°C

0.8°C d (.6 minutes, 3.7 minutes, 6.8 minutes

123157 sin(x - 0.5)
50p during July
£2400 profit

b 350pin March

d June

Problem solving: Set A

B a
b

S a
b
c

G

b

c

a=100,h=20

¢ =360; y =100 + 20sin(360x)°

y=12+4sin(x - 90°)

Vertical stretch with scale factor 4, translation by (?g)
119 days

a p=12+10cos(2t - 180°)

y=12+ 10{:05(%{— 180°)

Revathi is correct.

Problem solving: Set B

B a
b

L]

n T o®

13 sin (2x — 0.395)

12 — 3cosec2x=S5cot2y = 12 - 3 _Scosdy

sin2x  sin2x

= 12sin2x — 5cos2x =3

x=0.3 17,3543

5cos2x —4sin2x + 2

x=1029,2,18, 343,532

i 10cos’x—8sinxcosx
S 10(%) —4(2sinx cosx)
=5cos2x—4sin2x+5

i 5+V4l

cos2x(15sin2x —8cos2x—4)

x=0.36,0.79, 1.70, 2.36 ¢ 5

CHAPTER 8
8.1 Parametric equations

1 a
b

[

y=(x+3P-1,-6=sx=<0,-1l=sy=<8§
_L-‘=%+],x}0,y>]

=12
}—[X_H)z,x?l.l]c:yﬂ?p

T ik
}_c‘+l’x}0’0{}{2

y=e*+2e+ 1, x>0 y>4

yr=x+2xAx>0,y>0
i yp=2x+5 i l<x=<57<p=I5
iy

y=2x+5
: (5,.15)

(1, 7)
0 x

i p=x"+5x+6



35 0 ~*
¢ i y=e'+3 ii x>0,y>4
ii y
y=e+3
4 <
0 X

4 a y=9-Px+ix20=x=24,-16<y<9

0.9)
\(3, 0

(24,-7)

b ¥4

Z
(15,-16)
y=2e+2 b x=0,y=4
p=xt-2x=5x+6=(x+2)x-D(x-3)
x-axis: (1, 0), (3, 0), y-axis: (0, 6)
Cix=50y=30+12,

L -

:)}-‘:3(‘—;) +2:)y=%x+2
C, is a straight line, gradient 2

5
Cix=341-3,y=9-5I,

:)}-‘:9-5(%) ::-y:f-l-%_\‘
C, is a straight line, gradient —%

% X -; = -1, therefore the line segments are
perpendicular.
b C: 4434, C,: 234

8 =y

8.2 Using trigonometric identities
1 a (x+1P+@-3P=1 b Lad=i
(x=2F+(y=-5r=4
2 a y=1-2x2
¢ y=dxt-4x!
3 ai (x=3P+(+4y=1

r]

=
=~
|
==,
I
ot

ii ¥

(0, —Z)Y / 0,2 X

(0,-4)
=20
& i =g
ii YA
o X
4 a (x-=5F+(y+2F=36. Radius = 6, centre (5, =2)
b
5 ayp="l0 b x>
6 x=25i-r11=)%=sinr=>%=sin3f
E T _1 _@ .
_L-—COS(I+§)=)y—§COSI ~5-sint
=y=IT—sim - (%
M O PO 1
ROy

=y=d4-¢-\3x),2<x<2

il
7 o y=33=d b x>30<y<3

8.3 Curve sketching

Answers

1
t =2 [=1.5] =1 [=0.5] 0 |05 1.5 2 | 25
X=21+2 =2 | =1 0 1 2 3 5 6 7
yp=r 4 12251 1 [(025] 0 |025 2251 4 |6.25
x=u+2,y=rL-2<1<3
N
i 7
4 /
N /
BANN EEES d
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Answers

2
T bi e in 5T EF 4 i
' Ol 3|37 |G| | T | T | G|
X =3sinf 0 [212] 3 [212] o [-202] =3 [-212] o
¥ =5 cost 5 |354| 0 |-354| -5 |-354| 0 |354] 5

x=3sinf,y=5¢cost,0=t=2g
P

™

b

i
K /
A\ /
13 0 X
7 \

"
) 4 i X
I

4 a Cry=25-05x1=sx=<5
Coyp=2xl=<x=<3;
C;:y=15—3,\‘,35x5.€5
¥y
(3.6)

144

5 a y=0Q2Q-x)(x+3),-3=x<3

b A
Q0. 6)

C

(2, 0)
(-3,0) O X

(3.-6)

6 a (x=3P+(+2F=100,3=x=13

b i
(3.8)

¢ 10m

8.4 Points of intersection

1 (=7,0),(0,7) b (=6, 0), (3, 0), (0, —6)
(=2, 0), (30, 0), (0, =3), (0, 5)

(1,0), (0, 2) b (-m0),(m0),(0.1)
(V2 -3,0), 0,7

f=-1,1=-6 b (0, 2), (-5, -3)

a 3 b 1

a t=0ands=In3 b (1,0).(9,8)

a (0,1)and (-1,1)

b Curve will intersect x-axis when y =0

r=12:y=2sin(2(JE)) +1=0

r=%:y=2sin(2(%))+ et
(Y572 0). (252 0)

(=]
L] L]

[=aTLY | T “N ]

7 3y-23x-8V3=0

8 a y=x-Inl8
=In(r-1)=2In(r+2) - In18
=>:-1=(“1“SZP=>;2-14:+22=0
=1=7+33

b (1n(9+3v3), In(6+3v3)), (In(9 - 3v3), In(6 - 3+3))

8.5 Modelling with parametric equations
1 a 167seconds(3sf)
b y=27x % =0.75x which is a straight line.
¢ 750m d 4.5ms™
e i The path of the skier is unlikely to follow y = 0.75x.

ii The speed of the ski lift is unlikely to be constant.



I T — ]

a 32Im b (0,-16) ¢
4 Iy 9765625 b

15m
16-7.6><%-
17m

cosl7=0.125=12.5cm (3 s.f)

2.59 seconds (3 s.f)
x=9V2 = r=—%_

b k=491(3sf)

942
=9(55) ()
=—%Y + X

0.429 seconds (3 s.f) b 24m

08m<x<16m
T45cm (3s.f)

b 88cm(3sf) ¢ 8cm

a f=x-5s50y=5x-5-2=5x-27

which is the equation of a straight line.

39
b (3.12)
¢ Disagree; particles pass through point at different times.
a 391m(3sf) b 187m,578m (3s.f)
¢ 31 minutes
a 20m b k= m gradient = -0.615
Problem solving: Set A

a i y=5sin2r=10sin7cos? = xcos?

ﬁi—B:SiﬂI,y-CORIﬁ( ) ()
= 100(p* - x?) +x*=0

i (5v2.,5)

i k=5-5V2

y=4cos(f+g)=2cosr—2\55inr

=2cosr—2\'§(%

x) = y=2cost - 3x
5 3.\‘2+y -

cost
So(g.\‘)-+(¥)_=]::-(3x+y}°+3.\‘2-4:0
_x. (88 ) (2««‘_ )
=g (3,0 ,r_2 =243
So gradient of line is L"',_ =-6
293 43
_ 3 3
ii 6x+)y-2V3=0

y=2sinr+sin2s=2sint + 2sins cost

=2sin.r+25im(x52) =xsin.':>£=sinf
,I’EJ (-\:_2)—1 ) 3
=gt 3 =1:>y-=.\‘-(]-%x),2-\"§$.\‘$4
b 3+2v2 ¢ {g:1=sg=<3+242}
Problem solving: Set B

a 6.17.19.1 (3sf)

R
78 245 . 163

y=-49 () +163(F%) = 355 + 76 *
Height = 13.6m (3 s.f)

1.57 minutes

5 -0.675

Answers

CHAPTER 9
9.1 Differentiating sin x and cos x
i

3 5
1 a 6Ocosx b -5C0s3X ¢ 3(:055x
d —4sindx e -30sin6x f Isin7x

2 a 4cosx+3sinx b cosZ*c—4sinx—%cost

15xt 8 e i lesai
c 5 +F—2ms§). d —E—Esmax
3 x=-39.0°121.0°
4 y=3x-g
T in 1z 9
5 (39) (F-3) (F-3) (-3
- L +
LN T L

2 h(g) - g 7 h'(x) = 3 cosx + 4 Sinx + x; h(’_;) = 842-?!

Then use the formula y — h(g) = h’(%) (x-3) to find the
equation of the tangent.

f(\ - .-‘1] flx) _ - cos(x+/) —cosx
= h

— Jjm SO8X cosh —sinxsinf —cosx
[ h

(521 cone - (2}

cosh—=1

8 f()=

Since — Oand % — 1 the expression inside the

limit tends to (0 x cosx — 1 x sinx)

. cos(x+h) —cosx ;
So hm(—J = —sinx
[ h

Hence the derivative of cos.x is —sin x.

9.2 Differentiating exponentials and logarithms

1 a —I8e™ b 10e* + Te
c -035 d 2ev-2ex
a b % ¢ % d 3
a ¥In3 b ¥(2In5)

L]

() emd) -l

4 ypy=xh2+= (1+ln2)

5 —r-+%
6 x=l.y=30AQ=3c-2

dx

Rearrange y - 3e = - (x - 1) to obtain

1
3e-2
x+(3e-2)y-9+6e-1=0

7 x=5.y=3, g—y—?.lnf-l— In4=1In8

Rearrange y — % =(Iln Sj(x - %) to obtain

y=(In8)x +%-%1n8
8 a f{x)=9"+3% = (3P + 3% = 3 4 3 =2(3%)

b f(x)=2(3"x6xIn3)=(41n3)(3 % 3) = (4In3)(3
9.3 The chain rule
1 a =9(4-3xy

e 24x*(5+2x%

b 3(6+59)*
d -30x(7+3x%¢
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Answers

~1 & U kW

9

15 1
(4 - 5x)° (6-xy

g $v@ean’

h
a 3sin’xcosx b
¢ (—4sindx)e~ d

e —tanx f -3¢*cos(e™)

2 12
a —3(3-Inéx) b S
1

8
x+10y-12=0

9x - 16y -30=0
Q(—%.—%),g} =10sinxcosx

Simplify y +3= S\II_(\' + —) to obtain

4 2 6
12y =303 x-25mV3 +9=0
2ry 4y 1
( V3, ) dx 80054}-‘
Simplifyy-%=—4(x+xf§1toobrain4x+y+4\f‘-%=o
(8In2)x+y+8In2-2=0

9.4 The product rule

1

a (4-5xF-15x(4-5x)°

b 9x*(2x -1+ 36x°(2x -1y

96, . u_8 .

- (6x —7) _\'-“(6'\ 7
16x(2x7 =473 = 144x4 (2xF = )~

2xcos2x —2x?sin2x

r]

TR B

3¢™sin Sx + 5S¢ cos Sx
= (22 + 3P + 12xe (2% + 3

—6cosdx cos2x + 12 sindx sin2x

B ~

x+2xInx
4¢"In (cos3x) — 3" tan 3x

-

a —2xe(x'-2x*'-3x+3)
12e"cos2x — 8e™sin2x — 3e*sinx — e”cosx

[ 2rln4\+x—%coslx+ 7(lnil\) smé.\

a —e*cosix - 3ersinldx b 4xiIn(sinx) + x*cotx

g} = X3(2 - 5XIP(=100x + 16)

n=2 a=-100h=0and ¢ =16

b x=0,= 5,15

a f(x)=¢"(4sinx+cosx) =
c"‘;&ﬂ,sotlsmx+cosx=0=}tanx=-
A\ =g £ EY = ge2n
b f(j)_&ﬂf(z) 4¢

Therefore the gradient of the normal is -

| —

Simplif L T\ to obtai 48
implify y - & _—@(.\ -f) to obtain

x+4€”y—4c‘”—g=0
dy .
s sin 2x + 2(x — m) cos2x

e O ).
At,\—T,}—qand =-1
iz

Simplifyy-%= —l(vc—T) toobtainx+y=m

9.5 The quotient rule
| 42 6x(6 — 5x)
(2x -9y (3 - 5x}
. =83+ 2P + 1B (Bx - 1)(3x* + 2)
(3% +2)
d Tx*+ 84x - 54
(2 +6):
8x(cos2x + x sin 2x)
2 a -
cos 2x
b Inx+elnx+ger -1
(Inxy
@ e'(cosx + 2 sinx)
cos'x
d e~"sin 4x — 4(5 - &) cosdx
sin’4x
s
4 o TREHNC6 3o Cko
5 2 sin x(cosx — sin x)
Lcl
6 e (dx? - 22x + 5)
x*x -5y
7 2efx+3y-1 -%":0
sy _ =28 Cos X sinx — e cost X
8 a f(y= n

fx)=0= -2e'cosxsinx — e'cosx =0
Therefore 2cos x sinx + cos’x =10

Solve to obtain cosxy =0 or tanx = -%

b A:x=-1.57; B: x=-046; C: x=1.57; D: x = 2.68

9.6 Differentiating trigonometric functions
1 a 4seddx b —l4cosec2x
¢ —Scot'xcosecy d —6tanxsecx
2 a —6cosecbycotbxy b —20secSytanSy
c -%(coscc x)-é‘oc:tx d -24sec’4x tandx
3 a 2xtan3x+ 3x?sec’3x

(x*+ 1) secx tan x e = 2y e
(x+ 17

—2cotx
d - c*cotdx —4e*cosec’dx

sec x(2x Inx tanx = 1)

x(Inxy
. 12(4x — 1 Ycot’ x + 2(4x — 1Y cot x cosec® x
cot*x
4 a 2cosly [
241 - x2
5 } = COSECX =.L
& sinx
—1 du o dv _
u—l,d =0 Rm.\,d COsX
dy _sinxx0-1xcosx __ 1 LCORR s o s
dx sin’ x sin.\ sin x
6 a Use the chain rule to find f'(x) = =2cosec’2x and then

cot2x
use trigonometric identities to obtain f'{(x) = -4 cosec 4x



8

1

a

d

p=

dsecdy tandy b 1

dxvx?-1
9.7 Parametric differentiation
3r % &+ dret
3 b3 N
%scc‘r e 6(1?* f %
sint b y= \‘IT') X+ \25
3r+4 _
- (A 2x+5p+61=0
4cot28 b (1,4)and (1, -4)
—4cos'6 b y=2x-7
2x+ 28
cosec [

-~ & th Bk W

b

b

2sec2rtan2ys

e ey
m=- %, simplify y + 243 = -%(x +4)
to obtain xV3 + 3y + 1043 =0

25,307

Y="3%*s5wm
Rearrange parametric equation for x to r = \": i
Thasson e 1 __O+1P  x242x+1
- 1+[ -:I)E (x+ 1y +x* 2x*°+2x+1

X

9.8 Implicit differentiation

1

7
8

K __ o
=3 ’d; 5y
5 dn Jf )
O) “dy T =5 dx
i3 (T B .;_ b TRRON o B R
d_\_(-\})—x d_\,UPJ+¢\,(x )y
dy
o e 20,2
= ><2J,dx+3x)
5, 4y 2,2
—2x_t-a+3ry
4x? 6x — 10xy
. 3)? . 5x? =8y
2xy 4y
C yrip-e Y IE-5
é sin.x f 2yer+e”
2sinycosy xet—e*
8xp-2x 10
4 2y — 457 bz
¢ _;_1—;’.\‘-2;—9
il
13
2 —dy
4x + 3¢
sin2x s I8
cos2y b x+)+12 0
4x-Ty+52=0

9.9 Using second derivatives

1
2

a
a
b

—g*cos2x — 2e7vsin 2y
16 + 48e*

16 = 0 and 48¢** = 0 for all values of x, hence f(x) is
convex for all values of x.

b e*(4sin2x - 3coslx)

—4 cos2x

=T

T
& g

4 a f(x)=(2x—-1P+10x(2x - 1)

P(x) = 20(2x - 1P(6x - 1)

b f”(%):20x03x2:0

r"(%) =20 % (-%)3 x0=0
¢ f0.1)=4.09 >0 f70.2)=—-0.864 <0

As there is a sign change, this confirms there is a point of

inflection at x = %
5 x 3%
6 a f(x)=(02x-5F+8x(2x-5p
£'(x) = 16(2x — 5§ + 48x(2x - 5)°
b f(1)=0and f'(0.95)=-38.44... < 0 and
f1.05)=33.64... = 0
So there is a point of inflection at x = 1

7 0,555_\‘5%
8 x=-3-V3and-3+V3i=x=0

9.10 Rates of change
1 a 8x b 24
3
2 ——(5m-4
' )
3
3w
4 a 4m? b 127
5 a SP_yp
b The value of the constant & would be negative, or
dp _
T kP
6 Hoivi
T a £4083.69 b Decreasing by £482.25 per year
8 a Substitute r = (4—‘5;1)_ into V' = im‘-” and simplify.
dv _1,/S dv_dv ds S
b as=a¥® @ =das*ar 4'“5 =Nz

Problem solving: Set A
dy =4 - 20x*+28x + 6

B a i

&Y 1252 40x+ 28

dx?™

d‘?

b =122 -40x+ 28 =4{x-1)(3x=-T)

ax’

Forl=x<1 x-1=0and3x-7=0

Hence — T , = 0 and the curve is concave.
S g_x}; =24xInx*+40x =8x(3Inx* + 5)

When x = 0, 8x = 0. So solve 3Inx"+ 5 = 0,to get x =

2
Hence :\y = (0 when x =

G a=

=

Problem solving: Set B
B 2x+y-1

e b y=-x+2

Answers

5 .
e~ and the curve is convex.
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6 a ¥

Answers

S a (x+1)+(r-23)°=4;centre (-1, 3) and radius 2

L 5n
6" 6
y=3+‘ur§ory=3—\5, thcrcforc_p=3+‘ur§at3

¢ 3+2V3

b 2sint-1=0=1=

s T SR 1
G y_.\+gandy_x 3
CHAPTER 10
10.1 Locating roots
1 a The graph crosses the x-axis between x = -1 and x = 0.
b i —0.464 ii 0.574

¢ There is a change of sign between x = 2.2 and x = 2.3.
f(-1.2)=-0.176 < 0, f(-1.1)=0.733 = 0
Sign change implies at least one root in interval.
b (0.6)=0.1718... = 0,f(0.7) = -0.2022... <0
Sign change implies at least one root in interval.
¢ f(-1.11)=0.0403... = 0, f(-1.10) = -0.1265... <0
Sign change implies at least one root in interval.
d (2.37)=0.0011... = 0,f(2.38) = -0.0140... < 0
Sign change implies at least one root in interval.

y=-(x+1P+6 ¥

f—

b Iflnx=—(x+1)"+6,thenlnx+(x+ 1) -6=0.
As the graphsof y=Inxand y=—-(x+1)>+ 6 only
intersect once, f{x) has only one root.

¢ f(1.3)=-04476... <0, f(1.4)= 0.0964... =0

Sign change implies at least one root in interval.

4 a —-2cosxsinx+2e™

b f(3.1)=0.0871..=0, {(3.2)=-0.1132...<0

As f'(x) changes sign in the interval [3.1, 3.2], there must
be a stationary point in this interval.

e f(3.1425) = 0.0019... = 0, £(3.1435) = —0.00009... < 0
There is a sign change in the interval (3.1425, 3.1435) so
31425 < @< 3.1435,s02=3.143 0 3 d.p.

g(l.l)=-0.2416... <0, g(1.2)=0.1392... =0
Sign change implies at least one root in interval.
b g(1.1645) =-0.0008... <0, g(1.1655) =0.0030... =0

There is a sign change in the interval (1.1645, 1.1655) so
1.1645 < << 1.1655, soa=3.165t0 3 d.p.

(x+27-1

.

1]
2

4

If (x+2)*—1=2"then2*+1 - (x+2)*=0
As y=(x+2)"-1and y = 2" intersect three times,
flx)=2*+1—(x+ 2)* has three roots.

f-0.8)=0.1343.. = 0. f{-0.7)=-0.0744... < 0
Sign change implies at least one root in interval.
f(1.9)=2.67(2d.p). f(2.1)= -10.67 (2 d.p.)

f(2) 1s undefined. c '6—1
»
y=Inx
>~ P
[7) "‘"-'1" X
y =—sin2x
4

If%sinl\‘ =Inxthensin2x-4Inx=0. Asy= %sin2x

and y = Inx only intersect once, h{x) = sin2x — 4In x has
only one root.

h(1.18) = 0.0423... = 0, h(1.19) = -0.0057...< 0

Sign change implies at least one root in interval.

10.2 Iteration

1

a
b

c

x'=8x-3=x=v8x-3

. K _e_3 .
Divideby x: x -8+ 5=0=x=8-5, x#0
8_\'=,\‘3+3=}x=%

X=4x+2=x=v4x+2

b x,=4.690, x,=4.556, x, = 4.497, x, = 4.471

i xX*=3x2-1=x=V3x-1

ii 3_\'3=x-‘+1=>_\'=1.l@

x,= 1,000, x, = 1.260, x, = 1.555, x, = 1.843, x, = 2,094
x,=0.816, x,=0.717, x, = 0.676, x, = 0.660

The iterations appear to be converging to different
numbers.

x?=2sinx = x =v4sinx
x,=1.997, x,=1.908, x, =1.943
f(1.9335) = 0.0006... = 0, f(1.9345)=-0.0019... <0

Sign change implies at least one root in interval, so
a=1934to3d.p

A(l "E,o),c(l +2\|’§,0)

ta|—

2
Sx?=x*+2=x= %

x,=0.637, x,=0.649, x, = 0.650
£(0.6505) = 0.0007... > 0, f(0.6515) = —0.0048... <0

Sign change implies at least one root in interval, so
a=10.651to 3d.p.

f(-1.9)=-0.0288... < 0, f(-1.8)=0.6450...=>0
Sign change implies at least one root in interval.
ertt=:1{) —%x: =x+4=In l(ID —%xz)

=>_t=ln(10—%x2)—4



Lc]

d f(-1.89545) =

-1.921

-0.0002.. < 0, f(-1.89535) = 0.0004.. = 0
Sign change implies at least one root in interval, so
a=-1.8954to4d.p

Substitute x = 0 and x = minto f{x).

X, =-2.295, x,=-2.003, x, =

sin3x+2‘riinxcos'corsin_\.‘(sinx+2rcosx)
f(1.8)=0.1518... = 0, f(1.9)=-0.2670... <0

Sign changc implies at least one turning point in interval.

sinx (sinx + 2x cosx) = 0 = sin x = 0 (for points 4 and
B) or 2x cosx = —sinx (for point P)

—sinx L —sinx
2): = X = Arccos (—2X )

x, = 1.845, x, = 1.835, x, = 1.837

i, il

Let f(x) = =

f(%) =0.1666... >0, f(1)=-05<0

Sign change implies at least one root in interval.

= 005X =

1—_\'

V

[ Y .
3

(0]

The iteration will converge.

10.3 The Newton-Raphson method

1

a f(1.5)=025=0, f(l1.6)=-0.04<0
Sign change implies at least one root in interval.
b -2.8 ¢ 1.585714
d 3-42,3+42
e 3 -2 = 1.585786, so part ¢ answer correct to 3 d.p.
a f(1.2)=-0.0464 <0, f(1.3)=0.0861 =0
Sign change implies at least one root in interval.
b 1.257
B, D, Fand H

a f(1.3)=0.0136... = 0,

f(l.4)=-0.1310... <0

Sign change implies at least one root in interval.
—8sinxcosx +e¢™ c 1.308
f(3.4)=0.0874... = 0. f(3.5)=-0.0206... <0

Sign change implies at least one root in interval.
3.481

f(3.4805) = 0.0008... = 0, f(3.4815) = -0.0002... < 0

Sign change implies at least one root in interval, so
a=3481to3d.p.

f(1.2) = 0.0638... = 0, f(1.3)=-0.0105... <0
Sign change implies at least one root in interval.
f(x)=
1.283

—2xsinxcosx —cos*y _ 1
X2 4x

p =—2. Gradient at point P is zero, so using Newton—

Raphson formula would result in division by zero.

b

[

Answers

f(0.8) =-0.45 <0, f(0.9)=0.96l...
Sign change implies at least one root in interval.
—-4.829

>0

10.4 Applications to modelling

1

a
b

d

-—\ +—\- I4x + 17

w’(8.3] - -0.2?3 96 <0, w(8.4)=0.15968 =0

There is a change of sign in the interval 8.3 << x < 8.4, so
there is at least one turning point in this interval.

j_). "'ﬁ\' l4x+17=0
21 .2

o + 14x =17
=x'= m(—r + 14x - 17)

2 .3
= =

=x= +'\|I|[£[1)( X+ 1dx = 17)

x,=8.3, x =8308, x,=8315, x, =8321, x, =8.326
h(10)=17.7920... = 0, h(11)=-10.8879... <0

Sign change implies at least one root in interval, therefore
the boomerang lands between 10 and 11 seconds.
%cm(%) ¢ 10.64 seconds

h'(7.515) = 0.0425... = 0, h'(7.525)=-0.0446... <0

Sign change implies at least one turning point in interval,
so boomerang is at a maximum height at 7.52 seconds,
correct to 2 decimal places.

1
£1.62 b 9sm(3)+E
pi(5) =-0.0106... <0, p(5.5) =0.0026... >0

Sign change implies at least one turning point in interval.

Jsin(3) + 45 =0= gy =4en(3) = ¢= s 3)
X, =5.449, x,=5.389, x,=5415
v(5)=25591... =0, v(6)=-16.002... <0
Sign change implies at least one root in interval.
—225¢™¥ + 40 sin ¢

v(6) = —16, and the value cannot be negative, so this model
is not suitable as the phone gets older than = 5.5 years.
t=2=h=27.0045...= 10, r=3= 57 =2.0799...< 10.
Therefore at some time between ¢ =2 and 1 = 3 the
person is exactly 10m from the ground.

¢ 545 years

At 1 =73 the person is approximately 2.1 m from the
ground, so the jump is not safe.

40 cost + 50 —41° = 10 = 40 cost = 41 - 40
41 - 40 ar - 40)
40 40
1, = 2.52490, 1, = 2.52280, 1, = 2.52297, 1, = 2.52296

= COSI = =1I= arccos(

Problem solving: Set A

B

fil)=0.7701... = 0, f{1.5)=-0.0640... <0

Sign change implies at least one root in interval.
%cos(xz} =%x -l=cos(x)=x=-2

= x?=arccos(x—=2)= x:m
x,=1.447, x,=1.469, x, = 1.460
Letfix)=x-3 ms(%x)

f(2) = -0.3576... <0, f(3)=1.3790...=0

Sign change implies at least one root in interval.
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= 3cos(%x}

\x‘

¢ «x =1.621,x,=2.573, x,=1.963

Letfix)=x-(x-1e" f{l)=1=>0,(2)=-5.389... <0

Sign change implies at least one root in interval.

b i
ii The iteration will diverge.

e f{-0.8065) = -0.00004... < 0, f{-0.8055) = 0.0013 =0
Sign change implies at least one root in interval, so
a=-0.8061t0 3 d.p.

The iteration will converge to the other root, o.

Problem solving: Set B
B a f(l.1)=-0.0601... <0, f{1.2)=0.2255...=0
Sign change implies at least one root in interval.
b 1.12
¢ f(1.115)=-0.018... <0, f(1.125)=0.010...>0

Sign change implies at least one root interval,
so part b answer is correct to 2d.p.

f(1.5)=0.1736... = 0, f(2)=-0.1024... <0

Sign change implies at least one root in interval.

b 1.772

¢ f(1.7715)=0.0005... = 0, f(1.7725)=-0.00002... <0

Sign change implies at least one root in interval, so part b
answer is correct to 3 d.p.

¢+ (1.8

b f(p) =0, so would mean dividing by zero in the
Newton—-Raphson formula, which is not valid.

¢ 141

CHAPTER 11
11.1 Integrating standard functions

1 a e*—-2cosx+c b 4sinx+%+c

e Slnjx|-2e*+c d %xi—%cosx+f
e Uxisle_6lnfx+e
3 2

f 3sinx-2vx+¢
2 a -cotx+ce b secx+c¢
¢ —COSECXY + ¢ d 4tanx+¢
e —dcotx+¢ f 8cosecx+¢
3 a tanx+secx+c b %x’—S]nx+c
¢ 3e"+5cotx+e d %x’—x+1n.\:+c
4 a IS b In3-117 ¢ 4def-3
d 5-2 e 20
5 S+lng
p=4

150

7 3ef-3ef=3(ef-ef)

8 [2x+3InxJ¥=6a+3In3

= 6a+3In2=In1000=31n10
= 6a=3In4d

::-a:%lnd:lnz

11.2 Integrating f(ax+b)

1 a i 16(4x-35) i —12(3 - 2x)
b i (dx-5)F+ec i (@x-5)+e
i (3-20)%+¢ iv —c(3-2x)+c

2 a 2eM+c %sin(3_r+2)+(-

—%cosccﬂlx +c

1
8

g 2ln2x-3|+c¢

1 3
ﬁ[4x—3)”+c

tan(8Bx - 1)+ ¢

b
c %(4x+1)"+(- d

f %cot[l—&x)hc’

h

=lle**+¢

1
¥ A e

2
b %cs-‘ —3tan x+c

1 dr _ _l ~dx
c gc 2x e+

d —3cot2x+2cosec2x + ¢

-
b v2-1

d 1-tan (%)

7
4 nlnj

c 16|n4-%
5 4

In25
6 2ln?
7 54+In256
8

-1
k=-3

11.3 Using trigonometric identities
1 a %x—%sin 2x+¢
b -3cotx-3x+c¢

3 v+ 2sinxy+Lsin2x+¢

£ i
d tanx—x+¢
T 10-3n
2 a \E—I-E b T
HWNi-g T
£ isg d 4—2\"_—5
3 a i cosSxcos2y-sinSxsin2x

ii cos3xcos2y+sinSxsin2x
b L.H.S =cos7x+cosldx
R.H.S. = 2cos5x cos2x

2 . N
¢ %sm?x +2sin3x+c

«

I

I
3

cos’xdx = J.E(%Cos 2x + %) dx
3

ol e

™

_Mla 1
= [Esm2x+ix]

-(0-9-(3-%)
_n_\3

6 8

.,



5

Use the trigonometric identity tan®2x + 1 = sec*2x to

obtain J‘l(sc&?ﬁt =1)dx= Btan 2x - r]i
12 [

-(2-3)-G-5)
3 _n
3 12

a sin6xcosx +cosbysiny =sin7x (1)
sinbx cosx — cosbx sinx =sin5x (2)

Adding (1) and (2): 2 sin6x cosx = sin7x + sin 5x

3 3 <
b —75008 Tx— 15008 Sx+¢

11.4 Reverse chain rule

1

9

10

a i 6x(x2-4)2 fi Blx+2Mx2+4x =5
b i (X2=dl+c ii gtx!-4}-‘+c

iii —3(x?+dx-5) +¢

a Z(xg-?ﬁ+(- b —%c“°“1‘+(-
c —;[4x-‘+ 16.r—5)§+c‘
d (1 +tanx)i+c
1 cotix n 1 5 v
€ —ge 4 f —35C0S Sx+¢
a —2In2-xY+c b %1n|4—3c:os_rl+c
e Inl4+9x-2x1+¢
d -2lnjcosx|+¢

o

%ln |4 —cos2x| + ¢

f —Jhll+e™+ec

1 1
a ﬁ b Ean
¢ 2[112—9B d %(c-c“'l)
3+443

a  sin®x = sin x(sin”x)(sin” x)
=sinx(1 = cos? x)(1 = cos’x)
=sinx(1 - 2cos’x + cos* x)

=sinx — 2 sin xcos® x + sin xcos* x

b -%coss.\‘ + %cos-‘x —COSX +¢
31243

He—1)

19

648

k=6

11.5 Integration by substitution

1

a |1 b 2(u-2)

¢ Substitute 2x = 2(u — 2), (x + 2)* = u* and dx = du
I2(u = uitdu = I(2u5— 4utydu = %u“—%us-i- ¢

e gl(x+2)"-%(x+2)5+c

a %(X—8)6+%(X—8]5+C

b -%(1 +cosxj7+%(1+cosx)f’+c‘

c —%(2 + cotx): + %(2 +cotx)i + ¢

74

8

d Vx2+1+4¢
16 4
a3 b Slng
c -1 d 2-1In4
2 1085
15 3
]n% 5
- ax _ 2
a x_tanﬂ,de_scc 2]
1 _ 1 3
-rl +x2dx_ Il+tan395ec gee
=Iﬁscc16d9
=146
=0+¢
=arctanx + ¢
T
b 1 :
tosx

5 gee ’i(uf-l) _é[g_] B
) —2x+ldx__[]2 = udu_z b ul

4sinx -4 In|l +sinx|+ ¢

11.6 Integration by parts

1

A XsSINX+COSX+cC
Infcosx|+ x tanx + ¢

Ty ey =
FXET = gCT +

d %]n |sindx| - %x cotdx + ¢

o T RS (G S
e Zx¢ T +C

1 L, 5
f —3 X Ccos 5x+ F58in Sx+c¢

lxllnx—%x3+c

ra|

¢ xlnx-x+c¢

a -%xzcc-s?_x + —éx sin2x + %ccs2x +¢

b -%(9)(3 +6x+2eM+¢

1 1. 1
¢ Fx*(1+x)*=2x(l +2x)° ol + x)°+ ¢

a %4—::] b % c
3 1 T
d v—a]ﬂz e _ﬁ f

k] 45
12In8 -5In2-==

H(ng -2x + l)cg-‘]

2
1

=1(9e' - (e

2
=%(5c3-1)
a -l:rxcosmr+L,sinJ:x+c'
T
17m2 -
b -
2x?
2
%—%+ln2
a %xsinl\:A-%cost-H‘
b 1x?-Llysin2v-Llcos2x+e
1 q 8

50

3

Answers

) L sy L il
b e Inx TR
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11.7 Partial fractions

10

1 a A_—B_

b %ln|x+2|+T|n|x-4|+c
Inlx+5l+3Inlx+2]+¢

b —4Inlx-2|-
¢ 6lnlx=11=-5nlx+2l+¢

3nlx+3l+¢

Sipx-4/-8 -
d 7ln|.\ 4 ?ln|2x l|+¢

3 a (x+DH2x-1)=2x"+Tx -4
-1
2%+ Tx — 4 }-232 + 14
=2x2=Tx+4
Tx+ 10
N Tx+ 10 _
Sef) =i pEe-1 |
b 4=2,B=3
¢ 2[n|x+4|+%ln|2x-—]|—x+c
4 a Equate coefficients in
16 =37x + 17=4A(2x - 3 + B(4 - x)(2x - 3) + C(4 -
to get simultaneous equations:
44-28B=16
-124+11B- C=-37
94-12B+4C=17
Thensolvetofind 4 =5, B=2and C=-1.
; ¥ 1
b —-5In}j4 - x| +In|2x 3|+2{2x_3)+c
6 3 4096
¥ B rwer P s
6 a A4=1,B=-2,C=1 b 2+Ins
i 12 o 6 f1p4
Z 52x+ D Sx+3) b 3In3
__5 ~_5 519
8 a A=1.B= __(_E b 2+§1n§
11.8 Finding areas
§
L =
2 a xln%x:ﬂ:x:ﬁorln%x:ﬁ

So A is where ln%x =0
= ];x =l=>x=2
So A has coordinates (2, 0).

b R|=—f2xln( d\—-[]x In(z_\) %\’]2=%-—%In2

= [|1ly? Lz | 3_9 3 5
C R I ln = E 1[](5.\)-3.‘( ]E—EIDE—E
_ 9,.3 1 il
Total area=R + R, = 7inj 5 In2 3
3 a fim= 260§2H+1—1
gm=-R+2=1
T
b 4"§
4 a 2 b =0
¢ ¢# -2 because y is positiveand 2(-2)+1=-3
44
d
1z Iy _p 1(3x 3m\ _
5 a 3(5)eos(5) =0 3(F)eos(F) =0
Sm 1
L )

6
7

8

a (7°.0) b 8xm
a sinx=-cos2x+1
= sinx=-(1 —2sin’x) + 1
= 2sin’x—sinx =0
= sinx(2sinx=1)=0
2sinx =1 :}.‘c:%or %
So the x-coordinate of B is 56”
p 2z V3
3 2
157 - 30

11.9 The trapezium rule

1

e 0
¥ 0

0.5 1
0.375 1

1.5
1,125

There are 4 trapezia and each has a height of 0.5 as
4x05=2=bh-a

1.25

4

3
X 0 0.25 0.5 0.75 1
¥ 1 0.6116 | 0.6103 | 0.7435 | 0.9183

0.731

43,

60  4¢t

The graph is convex, so the lines connecting the two
endpoints would be above the curve, giving a larger
answer than the real answer.

Decrease the width of each strip by increasing the
number of values used.

T e in T
" 0 3 1 3 2
y 0 0.142 | 0.436 | 0.531 0
0.436 & %2—2 d 68%
x| 0 | 05 1 15| 2 25 3
125 1.038 [ 0.933 | 0.9 | 0.929 | 1.041 | 1.333
3.07 ¢ In(1243) d 1.2%
T T in T
x i H i | 3| 2
y 0 0.1155 | 0.1768 | 0.0478 0
2
0.1336 ¢ &
x 1 1.25 1.5 1.75 2
y 1 1.0872 | 1.2281 | 1.4285 | 1.6931
1273 (3 d.p.)

I(lr In,\+l)d'c——'c‘ln\-—6‘c +X+¢

Substitute in the limits and simplify to obtain 2ln 242 36



11.10 Solving differential equations

ci} .
1 a Fe yx(r +6)5:I)dy I\(r+6}dx

b Using the substitution u = x* + 6,
Iydy = 5 Iu—‘ du
y= 1

2 ]zu"+c‘—12(\ +0)"+¢

M|'—‘

S

+

2 a }-—4?

b y= amsin(jx - lsinZ\c + c‘)

¢ p=derw d y-__ Fcos-‘x+t‘|
3+ D 3 LR
3 ay Aca D) b y=arccot(3+In2 -e*—x)
¢ tanx+coty—-2=0
d x?+)?=132
4 a }::ZXE—X-Pt'
b

»

y=2x-x-10

2 — _L -+ 1
yi=1 3

sccy:2x-%sin2x+\5+%—g
Inle? =4l =2e(x = D +c
2 3
2x-35 +x+2
b y=A(2x=5)(x+2)

S -1 = Uh

¢ y=10x-5)x+20

11.11 Modelling with differential equations
1 a Separate the variables: IP_.L dp= _|-3 dr and integrate to
obtain 2 Pi=3r+c.
b ¢=150
¢ 3Pi=31+150= Pi=21+100= P =2t +100)
d 42.1 years

2 a i Therate of change of the value of the laptop with
respect to time.

ii The value of the laptop is decreasing

iii Proportional to the existing value of the laptop.
b IlVde J-—kdr =sInV=-=ki+c= V=¢**

= V=Ade*

Whent=0, =V, =de**" 50 A=V and V= Ve
e 800
d k=0.09%4

b

[

Answers

4P _ip [Lap= [kar

dr
=hP=kt+c= P=ck*
= P = Adek
= 1600, k = 4:In 2
2063
The model is clearly inaccurate for larger values of .
dr.

ar s the rate of change of the temperature of the soup

with respect to time.
(T - 20) is the difference between the temperature of the
soup and the room temperature.

—k signifies the soup cooling.

15.1 minutes

dh _ 100x — 3mh
dr — 900x

90092 = 100 - 31
dr

300 In4 seconds

d4 _
dr—zmﬂ
dr_dr, dd

dr —d4 " dr
—ﬁx (-ksin(ﬁ))
—Zpon(ae)

r-—?Scos(4 )+25

24.0 minutes

Problem solving: Set A

B

S

G

1
35 (7= 6)
86
5
26
- Tﬁ

Problem solving: Set B

B a y=k(x@+x+2)°
_ 2+ x+2)
b }_ﬁ
S Inle-1l=2e(x-1D+2+In3
G = 80000 b 80000
1 +4de
CHAPTER 12
12.1 3D coordinates
1 a i Vel i V77
b p=6,¢=5r=4
¢ 77 d They are the same
a 55 b 2v29 AL
a 11 b 15 ¢ 345
a V6-32+(-1-52+G k1=
=90+36+3-1)=49=03-/k)2=4
b k=1,k=5
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k=2k=6
k=-4k=10
E=3,k=13
k=-1,k=9

S0 =1 =& Lh

12.2 Vectors in 3D

X,
1 a 4i-3j+k b (6)
5

2 ai-2i+3-3k
-2
ii | 5
-3
1 -
b V38 ——(-2i + 5§ - 3k
3 ai -6i-12j+15k i 2i+7j-9
2 -4 8+4 12 4
b dm-n=4| -2 ]| -5)=| -8+5 )= -3 |=3] -1
3 6 12-6 6 2
4 a B =482° b 0 =109.5° ¢ d,=131.8°
—_— .
5 a AB=-3i+j+7k
b |041=38, [0B| = V2T and | 7B = v59.
The lengths of the sides are different, so the triangle is
scalene.
6 i—7'j_—4k
66
3 -5 -8
— — —r
7 a AB:(—S),AC:(—?;)andBC:(2)
3 -3 -6
b 48| =33, [4C1 = Va3 and |BC] = 2+26.

¢ lsosceles

8 a |PQ|=6.|0R|=V6T and PRl =5
b |J‘T‘-T’|2+|JP_Q)|=|QT?>I2 SO ﬁis the hypotenuse of a

right-angled triangle with #RP(Q as its right angle.
e 502°
9 148.1°

12.3 Solving geometric problems

1 a a+b+c b -a-b+c
¢ —a+bh+c d a+b
1 1 1 1
e Ea+ih+c f —§a+§h+c
g —£h+%c h —%a+%c

PO = -3i+4j- 7k, SR = -3i+4j- Tk

b SP=i-S5j+8k RO =i-5+8k

¢ PQORS is a parallelogram because there are two pairs of
opposite sides that are parallel.

3 p=-3,4=2,r=7
4 120

5 a=4,b=-2¢=3
6 863

7 13

Let OABCDEFG be a cube with side length 5.

A (e F
C M s
0 ’ A X

OB = BG = 0G = 542, so triangle is equilateral.
0(0, 0, 0), B(5,5,0) and G(0,5,5), so triangle OBG is
equilateral and has integer coordinates.

12.4 Applications to mechanics

1

2
3
4

h

8

a R=(-3i-j-kN b VIIN
a=-2,bh=3

a 6.78ms>(3sf) b 2V46m
a (2i+6j+10k)N

b Gi+%j+%k)ms‘3

a 20V6ms" b 40V6m

a (3i-3j+3k)ms>

b 69.6° (3sf)

a a=2b=-7 b (2i+5j-3k)N
c (%i+%_i-k)ms‘2 d %@ms‘g

i)

-yand-3

Problem solving: Set A

B
S

k=18o0rk=-2

p==+233

G q:—l.q:%

Problem solving: Set B

B

a AB =4i-6j+4k and DC = 8i - 12+ 8k

—_— —
b DC=24R
d ABCDis a trapezium.
(2,5, -1)
Let 7| be a point on MP. OT, = %:‘.ﬂ + .l(—%ﬂ +b +£’) for
somedeR 0=41=1.

: e 4 3

Let 7' bea point on NO. OT, =a +3b +j'.1(—ﬂ - gb-l-c) for
somepeR 0=pu=1 i
If T lies on MP and NQ then OT satisfies both equations.
Equating terms givcs:%- % A=1-p, l:%-%p and A=

Solve to obtain A=u= %

Conclude that MP and NQ intersect at point T which is the
midpoint of each line and therefore MP and NQ bisect each
other at 7.

g |
[ R—E



Exam Question Bank 19
1 k=-1.k=7 20
2 a f(2)=-2,1f(2.5 =1 -
b x= %is an asymptote, and as 2 < % = 2.5, a change of
sign in this interval will be caused by the asymptote. so 22
there doesn’t have to be a root in this interval.
3 m=%
4 a dx+2-¢ b y=x-1
5 a=2b=0c=1l,d=-14,e=9
6 —-150°, =30°, 30°, 150°
r 1
i 1-Iny ¥ 5¢*
8 n+2 23
3 __ 5 4 24
9 x+1 ()c+])°+\‘+2
10 Cartesian equation of curve is y = 6x — 2x*
Ix+2=6x-2"=2x"-3x+2=0
Using &' —4ac: (-3 - (4x2x2)=-T<0
So no solutions.
11 a sin3x=3sinx-4sin’x
-0 & 3=m 25
b x=0, 1 h T
12 a 3' ¥ =3sinx +1 —0:)3smr—%r +1
= X = arcsin (%.\r? + %)
b x, =0.369, x,=0.356, x,=0.355(3d.p.)
d=0.354
£ 26
13 127.1°
1
14 a \9+x =(9+x)5=9%(1 3y
i (N e Lo L Y o O e
—3(l+2>< x( )x x2 )
= _xe - 1
3+6 216+ .s0k= 316
b Expansion is valid for |x] < 9, so it is valid for x = 1.
15 a 4 )1;34-.35(:(&
: 27
—18
b 2 28
16 a (-%i-§j+%k)ms-ﬂ b 151°(3sf)
sinx  cos’x +sin’x
17 1+ tan’x _ cos X _ cos’x
I —tan’x ; _sin®x  cos’x —sin?x
cos’x cos’x
_cosix+siny_ 1 =secdy
T osix—sin’x cos2x 29
18 a Let f(x)=3Vx+2-
f(l)=0.3856... =0, f(2)==04<0

Sign change implies at least one root in interval.

b Yes, the iteration will converge towards c.

Answers

t==%4.5
7% (x?+1)- %ln(x:+ - %.\JC\‘J -2l +e
a -% b cosP::%:)sccP:t%
a h(9)=07111..>0, h(l0)=-2.7843...<0
Sign change implies at least one root in interval, so
person reaches bottom of slide between 9 and 10
seconds.
b 9.203
¢ h(9.2025) =0.0007... =0, h(9.2035)=-0.0028... <0
Sign change implies at least one root in interval, so part b
answer is correct to 3 d.p.
a=5
a 116
b §= 2(4+[n— 1) x 6) = 7450,
So n(6n - 2) = 14900
= 60" = 2n - 14900 =0
which gives 3w —n— 7450 =0
Son=350
l +sin260 + tan 26 _ 1+46
2cos26-1 2( (2;))3)_1
—_1+40 _ 1+46
(1-48y (1+26)(1-20)
b 1.124(3d.p.) ¢ 312x107%

fix)=(x-2)3x-2)2x + 1)

4

¥
(0. 4)
v = |f(x)]
05.00](2,0) @0 *
a a,=3k-35
b a =33k-5-5=9%-15-5=9-20
e k=135
dy : :
a ——=-2s5in2x-4sin2x cos2x
dx
g_x} =-4cos2x - Becosdx
e e A T -z
b x=-m, 3" .0
¢ Atx= —g g—) =0a dg—'}z —4 = 0 which implies a
local maximum.
a A(0,0)and B(1, 0) b 3x’lnx+ x?
¢ f(0.7165) = -0.00006... < 0, £(0.7175) = 0.0020... = 0
Sign change implies at least one turning point in interval,
50 x-coordinate of Pis0.717 to 3d.p.
i |
d ¢

155
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Answers

30
31

32

33

35

36

37

38

39

a (13r-273)em b 25.6cm?’
a (x+4)7+(p-1)7=25

e

\c
% .

(_4? 1)

(—4,-4)
a Vi
\ G b
33
0 X
b f(x)=3 c {x:x{%}u{_\':_\'b&
1 o A2 7x2 33x°
a §+E+ 556 b 4+2x+ %)
a 19m b 1=0.66seconds ¢ 2.5Im

a She has used €25 0_ tan @
sinf

She should have use

d Smg: tan @

b ﬁsin(-—g—r) # cos(—%), so can’t be a solution.

Error was caused by squaring.

= my T _gingsin®
y_cos(r+3)_cosrco.=.3 sint sin3
%os.’—?smf
%x 23\'1—¥- -l<x<1
N 2 y=2nx
2x + 5y=10
0‘/1 S
b 2x+5y=10=y=2-2x
2Inx= 2—%x=}2lnr+§,\—2=0

= 10lnx+2x-10=0

As the curve ¥ = 2Inx and the line 2x + 5y =
intersect once, f{x) has exactly one root.

¢ f(1.8)=-0.5221.. <0, f(1.9)=0.2185..>0

Sign change implies the root is in this interval.

10 only

Integral = = ln . Answer is independent of k, as k does not

appear in thc solutlon.

131 2

Rearrange y —% = (—%IDZ)(_\' + 1) to obtain
(15In2)x+2y+15In2-9=0

40

41
42

43

45

46

47
48

49
50

51

52

53

NM‘L\U'N

tan 60°+ tan45°

r oy —
tan (0 A = T o 60°tand5®
=ﬁ=_2_\1’§
1-(\3x1)
1 1, =2+\3
cotl05°= = = -2+3
Z2-N3 © 2-3 24+
0.744 b 284m? ¢ 17.6m

(sec?x + tan?x)(sec’x — tan’x)
=(sec’x +sec’x — 1)(sec?x —sec’x + 1)
=(2sec’x—1)(1) =2sec’x - 1
x=73.57°,106.4°, 253.6°, 286.4°

Ix-y
3v+x
Solve gf—_:ii = -% to obtain 9x + 2y = 0.

(x=3)(=2x*+2x=1)

“2 4 8yt =Tyt 3= (7= 32+ 27 - 1)
=2y* + 2)? = 1 = 0 has no real solutions

»* =3 =0 has 2 real solutions: y = +\3

3

y=2x-4x*, 0=x=13

I=%. Range is 243 — 36 = f(x) ‘-EE%

M’_—ksin(mﬂ):k:zx

> 5
==

—1n2)
A(-%ﬁ)sf*'( -3)

A=6,B=-2C=4

c 240,493

b 3x+2y+5=0

784
b In 9
sin 6
cos @
_ 2sinfcos’@—sing
= cos@

_ sin#(2cos’0- 1)
cos 8

sin28—tanB=2sinBcos B —

= tanfcos20
—E 0, E 1.107

x=

9 +7x)° —9( )l

- 7 49 .2
=3+ E\ ~ 375"
w2651
N2 4000
ii Expansion is valid for |x] < 2 and % < %

£(x) = 2x(2 = 5x)° = 25x%(2 = 5x)°
£(x) = 2(2 = 5x)° = 100x (2 = 5x)4 + 500x2(2 - 5x)*
0.04, 0.19, 0.40 (2 d.p.)

f7(0.4) = 0 and "(0.35) = 0.82... = 0 and
f7(0.45) = -1.75... < 0, so there is a point of inflection at
x=04.

x 0 0.5 1 1.5 2 25 3

¥ 0 [ 02759 | 04060 | 0.3361 | 0.2198 | 0.1263 | 0.0669
0.699 (3 s.f)



54

55

56

57

58

59

60

61

r]

= I I

3

3xzc‘—‘dr = [—E[Zr +2x+1)e 2‘]

0 o

=3_75
T4 4e°
x=Lcost = 6x = cosi= 216x* = cos’t

b
y=rcos3t=cos(2r + f)=cos2f cos( —sin2f sin{

=(2cos*s - 1) cost - (2sini cost) sins
=2cos’t —cost—2(1 —cos’1) cost =4cos’ i — 3 cost
=864x7— 18x = 18x(48x2- 1)
Soa=18,h=48,¢=1

V3 V3

=—xX=s—_—

AT 12
Turning points are (

Rangeis-1=y=1

1) and (35, -1)

= —%, -3

i 5

y=Ix-

.zva 4

ii For|x] <4, |x| -

b=

4 is negative and |x — 4] is always

non-negative, so x| = 4 < |x - 4|
Forx=4,|x|-4=Ix-4|
Forx=-4,|x-4/=4-xand|x]-4=-4-x
So |_\‘|-45 |x —4]

d _ . il

e 200

Multiply by —5 to obtain

-5Q= V- 1000
dr

= 1000 + 8000¢+

1000m*. Ast — = 8000::“’ — 0, therefore V' — 1000.

LT =ia 3% — 2 st anilitl— DL wie X 35

2 2 8
_9.., B b Tx _ 21x?
(]+3x z“)(“z*s)‘l -2l
Expansion is valid for |x|4%and%>%
331562
gh(x) = arccos(%x), -2=x=2
(_2:?‘7]
Yy =gh(x)
0l (2.0) x
(gh)'(x)=2cosx,0=x=n
co Q_B +7°-32_13 p 239
75 Ix8x7 14 4802
1, 8x, 16x° K 8
ottt b3 ¢ 27
12 12
22+):4r+£3r
3(32-1
(2>c]2)+ (8+IIX4)+W
= 797496

62

63

64
65
66

67

68

69

Answers

= =4 ., u =4
u]—4,u— U 4, =3

= 3 4y_ _175

;;u 100)((4-3) 1=

Letp= \@andq 1.“I,_thcnp.f;r \'r_xﬁ_l

So if p and ¢ are irrational numbers, it does not
necessarily follow that pg is also an irrational number.

Assume that V2 is rational. Then 2 = 4 where a and b
are integers, b # 0 and the highest common factor of &
and bis 1. Then a=\2bh = a? = 2b%,

So «* is divisible by 2 and it must contain a (repeated)
factor of 2, and so « is divisible by 2. So a = 2p, where p
is an integer.

= (2p)* = 207 = b* = 2p”. So #* is divisible by 2 and

so b is divisible by 2. As a and b are both divisible by 2,
then the highest common factor of @ and & is not 1. This
contradiction implies that V2 is irrational.

i (6,-10) i (=3,5)
5
0.4)  yp=f(x)
\.7 \./ x
-3,-5) | (3,-5)

f(x)=(x =3P -5

The function is not one-to-one.

79.9 b N=11
446(3st b 1784 (3sf)
f[x)- 251.\>2

2
—2)2x =5

2x -4 so ﬂ_¥)=2—x12,_r>2

T

T, is translation by (g), T, is a reflection in the x-axis,

T is translation by (g)

-z cosec O b 32x-4y-31=0
961
356
0.000 609 b 25

_10(1-0.64 .
Se=—(1—0g =231-06)>2499
0.01 > 25 x 0.6*

Dividing both sides by 25 gives 0.0004 = 0.6
So log 0.0004 = k log 0.6

log 0.0004

= oge

(direction of inequality changed since log 0.6 is negative)

log 0.0004

SOk a6

16

2(ix=1) I 2ix=1) 1

x1=-2x-8 x=-4 (x-Hix+2) x-4
_2x=-2-(x+2) _ | 1
TT-H(x+2)  (-H(x+2) x+2




