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Personal Notes 
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Standard Functions 

Notes

•

•

Example

11.1 - Integrating standard functions
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Example

11.1 - Integrating standard functions
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Starter :                  
Try to answer this :                 
Reverse chain rule is about considering…

Example

Example

11.2 - Reverse Chain Rule 1
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Example

Practice            
     1)

             
 2)

                           
 3)

4)                

11.2 - Reverse Chain Rule 1
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Some expressions, such as      and         
can’t be integrated directly, but we can use one 
of our trig identities to replace it with an 

expression we can easily integrate.

Example

Example

11.3 - Integration with Trig Identities
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Example

Practice

11.3 - Integration with Trig Identities
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Reverse Chain Rule…
Consider some expression that differentiate to something similar to the 

question

1.

Differentiate and adjust/scale appropriately.2.

Example

Example

Example

11.4 - Reverse Chain Rule 2
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Practice

Integrating      
Work out 

            
Work out 

            
Example           
    

11.4 - Reverse Chain Rule 2
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For some complicated expressions, we cannot use "reverse chain rule" to 

integrate. Instead, we use a clever substitution to make the expression simpler 

to integrate. 

Notes

The aim is to completely remove any reference to  , and replace with u. •

Example

Use the substitution       to find                    

Example

Use the substitution         to find                        

11.5 - Integration by Substitution
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Example (Definite Integration)

Use Integration by substitution to evaluate                              

Practice

11.5 - Integration by Substitution
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**One of a kind

11.5 - Integration by Substitution
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Just as the Product Rule was used to differentiate the product of two expressions, we can 

often use ‘Integration by Parts’ to integrate a product.

•

Integration by parts:           
                    

 

Example

Example

Find            

11.6 - Integration by parts
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Example (IBP Twice!!)

Find           

Practice

Find             

11.6 - Integration by parts
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One of a kind

Use integration by parts to integrate             

Example (Integrating    with finite integral)

Find         , leaving your answer in terms of natural logarithms.

11.6 - Integration by parts
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When to split into partial fractions ?

-> When the bottom denominator has the same or larger power than the 

numerator.

Example

Example

11.7 - Integrating Partial Fractions
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Example

Exam Practice

11.7 - Integrating Partial Fractions
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Example (Integrating Top-heavy fraction)

Practice                  
 

11.7 - Integrating Partial Fractions
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Notes

Suppose we have a set of parametric equations:      and       
To find the area of curve,  we want to determine       .

The problem is that  is in terms of  , not in terms of  .-

Area =        
Example

Determine the area bound between the curve with 

parametric equations     and      , the  -axis, and 

the lines    and    .

Example

The curve C has parametric equations         ,          ,    . Find the exact area of region R, bounded by C, the       and the lines    and    .

11.7.5 - Integrating Parametric Equations
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Exam Practice

11.7.5 - Integrating Parametric Equations
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11.7.5 - Integrating Parametric Equations
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Notes

You should be familiar that definite integration gives you the area bound 

between the curve and the       .

•

You need to be able to use expanded repertoire of integration skills to find 

the area under a great variety of curves.

•

Example

The diagram shows part of the curve                   
The region  is bounded by the curve, the  -axis and the lines    and    , as shown in the diagram. Use integration to 

find the area of  .

Notes (Area between two curves)

The areas under the two curves are           and           . 

It therefore follows the area between them (provided the curves 

don’t overlap) is:           
           

                  
 

Example

The diagram shows part of the curves           and               
where        . The region  is bounded by the two curves. Use integration 

to find the area of  .

11.8 - Finding Areas
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Exam Practice

11.8 - Finding Areas
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Notes

Sometimes you cannot integrate a function algebraically, you can use a 

numerical method to approximate the area under a curve. 

•

Trapezium Rule = Dividing the area into trapeziums of equal width.•

Example

Use trapezium rule to approximate the region bounded between    ,    , the x-axis and 

the curve     , using 4 strips.

11.9 - Trapezium Rule
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Example

The diagram shows a sketch of       . The finite region R is 

bounded by the curve, the       , the       and the line      .

Create a table with values of  correspondingly, giving your 

answers to 3 decimal places.

a)

Use the trapezium rule to obtain an estimate for the area of R, 

giving your answer to 2 decimal places.

b)

Explain with a reason whether your estimate in part b will be an 

underestimate or an overestimate.

c)

Use integration to find the actual area in exact value.d)

Find the percentage error of the estimated error found in part b.e)

Exam Practice

11.9 - Trapezium Rule
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Exam Practice

11.9 - Trapezium Rule
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Recall

A differential equation is an equation that consists of a mix of variables and 

derivatives, e.g.  ,  and 
      .

•

You have learnt how to construct a differential equations (Chp 9.10)•
Examples of differential equation:•                                                            

Notes

"Solving" these equations means to get  in terms of  (with no 
      ) through 

separation of variables.

•

Example

Find the general solution to  
           

Example

Find the general solution to the differential equation                    

11.10 - Solving Differential Equations
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This is not a specific solution. Sometimes we are interested in finding a particular solution

at a specific point and this point is also known as boundary condition.

•

Example

Find the general solution to  
                                  

Given that    when    . Leave your answer in the form       

Exam Practice

11.10 - Solving Differential Equations
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Notes

Differential equations can be used to model real-life situations.•
- we have learnt to construct differential equations (Chp 9.10)

- we have learnt to solve differential equations (Chp 11.10)

Example

The rate of increase of a population  of micro-organisms at time  , in hours, is given by 
         . 

Initially the population was of size 8.

Find a model for  in the form       , stating the value of  .a)

Find, to the nearest hundred, the size of the population at time    .b)

Find the time at which the population will be 1000 times its starting  value.c)

State one limitation to the model.d)

11.11 - Modelling with Differential Equations
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Example

Water in a manufacturing plant is held in a large cylindrical tank of 

diameter 20m. Water flows out of the bottom of the tank through a tap 

at a rate proportional to the cube root of the volume.

Show that  minutes after the tap is opened, 
              

for some 

constant  .

a)

Show that the general solution of this differential equation may be 

written            , where  and  are constants. Initially the height 

of the water is 27m. 10 minutes later, the height is 8m.

b)

Find the values of the constants  and  .c)

Find the time in minutes when the water is at a depth of 1m.d)

11.11 - Modelling with Differential Equations
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Exam Practice

11.11 - Modelling with Differential Equations
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Notes

Example

The diagram shows a sketch of the curve with equation       .

The area under the curve between    and    can be thought of a series of thin strips of 

height  and width   .

Calculate                   , giving your answer correct to 4 s.f.

11.12 - Integration as the limit of sum
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11.12 - Integration as the limit of sum
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